ASYMPTOTICS OF ACH-EINSTEIN METRICS 
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Abstract. Wc study the boundary asymptotics of ACH metrics which are formally Ein- 
stein. In terms of the partially intcgrablc almost CR structure induced on the boundary 
at infinity, existence and uniqueness of such formal asymptotic expansions are studied. 
It is shown that there always exist formal solutions to the Einstein equation if we al- 
low logarithmic terms, and that a local CR-invariant tensor arises as the obstruction to 
the existence of a log-free solution. Some properties of this new CR invariant, the CR 
obstruction tensor, arc discussed. 
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Introduction 

Asymptotically complex hyperbolic metrics, or ACH metrics for short, that we study 
here were introduced by Epstein, Melrose and Mendoza in a study EMM] of the resolvent 
of the Laplacian of complete Kahler metrics of the form <9<91og(l/r) on a bounded strictly 
pseudoconvex domain, where r is a boundary defining function. The purpose of this paper 
is to discuss the formal asymptotic expansion of ACH-Einstein metrics at the boundary 
and geometry of their "CR infinities." The integrability condition satisfied by those CR 
infinities are in general weaker than the classical one; Tanno |Tnoj called it the partial 
integrability condition. This condition is also natural from the viewpoint of the theory of 
parabolic geometries [CSc[ ICSl) . 
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The relation between the boundary behavior of Cheng- Yau's complete Kahler-Einstein 
metric |CYj on a bounded strictly pseudoconvex domain ft C C n+1 and the CR structure 
of the boundary is a classical object of CR geometry. Following the pioneering work of 
Fefferman [FeJ on the zero boundary value problem of the complex Monge-Ampere equation, 
to which construction of complete Kahler-Einstein metrics reduces, Lee and Melrose [LM] 
proved that its solution admits an asymptotic expansion at dQ including logarithmic terms. 
Graham [G] showed that this expansion is determined by the local CR geometry of dil up 
to the ambiguity of one real scalar-valued function on <9f2, and identified the coefficient of 
the first logarithmic term as the only obstruction to the existence of a log-free solution. 

As for ACH metrics, a perturbation result on the existence and the boundary regularity 
of solutions of the Einstein equation is obtained by Biquard [Bij . and the existence of 
asymptotic expansions is studied by Biquard and Herzlich |BH2) . Furthermore, in the 4- 
dimensional case, the asymptotics is investigated more closely by the same authors [BH1 
to obtain a Burns-Epstein type formula. Our formal analysis applies to any dimension, and 
so it may serve as a tool to extend [BH1 to the higher-dimensional case. 

Another interesting way to see the study of ACH metrics is comparing it with that of 
AH (asymptotically hyperbolic) metrics, which we recall briefly. A Riemannian metric g 
defined on the interior X of an (n + l)-dimensional smooth manifold-with-boundary X is 
said to be asymptotically hyperbolic if p 2 g smoothly and nondegenerately extends up to dX, 
where p is a boundary defining function, and moreover if \dp\ p2g — 1 at dX . An AH metric 
induces a conformal structure [h] on M = dX, namely, the conformal class of the pullback 
of p 2 g. The n-dimensional conformal manifold (M, [h]) is called the conformal infinity of 
the AH metric g, or of the AH manifold (X, g), and its geometry is studied in connection 
with the boundary asymptotics of AH-Einstein metrics. 

The odd- and even-dimensional conformal geometries have substantially different char- 
acters, and a similarity to CR geometry occurs for the latter one. Among the central 
objects studied in recent even-dimensional conformal geometry are the Fefferman-Graham 
obstruction tensor |FG1[ lFG3j (for n > 4) and Branson's Q-curvature [Br], and our 
work brings their CR counterparts to light. The conformal obstruction tensor arises 
as the obstruction to the existence of a log-free formal solution of the Einstein equation 
for AH metrics. In the same spirit we shall construct a CR version, which will be denoted 
by O aj3 . On the other hand, our analysis of ACH-Einstein metrics is sufficient for doing 
the same construction for CR geometries as the scattering-theoretic definition |GZj of the 
Q-curvature; one has only to apply the discussion of Guillarmou and Sa Barreto [GSj to our 
metric. This is already done for integrable CR manifolds by Hislop, Perry and Tang [HPT 
using the asymptotics of complete Kahler-Einstein metrics obtained in |5§], but the ACH 
approach has an advantage that it can extend the notion of CR Q-curvature naturally to 
the case of partially integrable almost CR manifolds. On this line, just like in the conformal 
case |GHj . one can show that the CR obstruction tensor O a g is equal to the variation of 
the total CR Q-curvature with respect to modifications of partially integrable almost CR 
structures preserving the contact distribution. The details about the CR Q-curvature is 
discussed elsewhere. 
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By definition a (2n + l)-dimensional almost CR manifold (M, T 1 ' ), where T 1 ' is the 
CR holomorphic tangent bundle, is partially integrable if and only if 

(0.1) [C°°(M, T 1 ' ), C°° (M, T 1 ' )] c C°°(M, T 1 ' © T^°), 

The sum T 1,0 T 1 ' is identical to the complexification He of a certain real subbundle 
H of TM. (We may also describe an almost CR structure on M as a pair (77, J), where 
J e End//, J 2 = -1 and T 1,0 is the i-eigenbundle of J.) The nonintegrability of (M, T 1Q ) 
is measured by the Nijenhuis tensor N G C°°(M, H* (g> H* ® H) defined by 

N(X,Y) ■.= Tv^i^^x^^Y] + n 1 '°[n^A,TiW], X, Y e C°°{M,H), 

where II 1,0 and II 1 ' are the projections from He onto T 1,0 and T 1 ' , respectively. We 
extend N complex bilinearly (such extensions will be done in the sequel without notice). 
Given a local frame { Z a } of T 1,0 , we put = Z a and write N(Z a ,Zp) = N a/3 J Z^. 

A partially integrable almost CR manifold (M, T 1,0 ) is said to be nondegenerate if H is 
a contact distribution. In this case the conormal bundle E C T*M of H is orientable, and 
hence E x := E\ (zero section) splits into two M + -bundles. We fix one of them and call its 
sections pseudohermitian structures. A choice of a pscudohermitian structure 9 defines the 
Levi form h by 

(0.2) h{X,Y):=d9(X,JY), X,YeC°°{M,H). 

Thanks to the nondegeneracy and the partial integrability, h is a nondegenerate hermitian 
form. For another pseudohermitian structure 9 = e 2u 9, we have h — e 2u h. In particular, 
the signature (p, q) of the Levi form, p + q = n, is independent of the choice of 9. Once we 
fix a pseudohermitian structure, h^— = h(Z a , Z-^) and its dual h a P allows us to lower and 
raise indices of various tensors. 

According to [EMM], ACH metrics are certain class of [0]-metric^. Although we shall 
detail the basics of ACH metrics in §1, we include here a brief account of relevant definitions. 
A Q-structure on a smooth manifold- with-boundary A is a smooth section of T*X\qx such 
that the 1-form t*0 on dX is nowhere vanishing, where i: dX X is the inclusion map. 
We call a conformal class [0] of 0-structures a [0]- structure, and a pair (A, [0]) a [0]- 
manifold. Associated to it the [Q}-tangent bundle P'TX, which is derived from the usual 
tangent bundle TX by blowing up the zero section over dX. By definition [<d]-metrics 
are nondegenerate fiber metrics of ^TX . Let (A, [0]) be a (2n + 2)-dimensional [0]- 
manifold and suppose that a nondegenerate partially integrable almost CR structure T 1,0 
is given onM = dX. We assume that they are compatible in the sense that i*[0] agrees 
with the conformal class [9] of pseudohermitian structures of (M, T 1 ' ). By the fact that 
kert*[0] — He TM is a contact distribution, there is a natural filtration K2 C K\ C 
[@]j , X\q X by subbundles, where Ki is of rank 2n + 1 and K 2 of rank 1. Any [0] -metric g 
with some positivity condition induces an orthogonal decomposition ^TX\gx = R® Ki, 
K\ = K2Q1L. The bundle L is identified with H up to a conformal factor, and thus we have 
another decomposition Lc = L 1 ' ® L 1 ' . The definition of the notion of ACH metrics (with 
CR infinity (M, T ' )) is given in §1 in terms of these ingredients. By a distinguished local 

Originally, [EMM) uses "0" instead of "[0]." For example, they say "0-metrics" rather than "[©]- 
metrics," "0-tangent bundle" than "[0]-tangent bundle," and write "Qtx" than "I^TX." However, we 
want to emphasize that they depend only on the conformal class of 0's. 
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frame { Woo , Wo , W a , W-& } for an ACH metric we mean a local frame of ^TX near dX 
such that, if restricted to dX, Woo generates R, Wo generates K 2 , and W\, . . . , W n span 
L 1 ' . When we simply say "ACH metrics," they are always smooth up to the boundary. 

For example, if (M, T 1,0 ) is an arbitrary nondegenerate partially integrable almost CR 
manifold, X — M x [0, oo) p carries a standard [0]-structure which is compatible with T 1 ' . 
Then 

g e = -^dp 2 + —9 2 + —h 
p z p A 

gives a standard model for ACH metrics with CR infinities (M, T 1 ' ), where 9 is any pseu- 
dohermitian structure on (M, T 1 ' ). For arbitrary [9]-manifold (X, [0]) with dX — M, a 
[9]-metric g on X is an ACH metric with CR infinity (M, T 1 ' ) if and only if, when g is 
seen as a Riemannian metric on X, for some choice of 9 and for some smooth [0] -preserving 
diffcomorphism $ between neighborhoods of the boundaries of M x [0, oo) and X, &*g ~ gg 
holds in the sense that their difference is O(p) with respect to gg. This is an immediate 
consequence of Proposition 11.71 If T is a vector field on M which is transverse to H, the 
set of vector fields { pd p , p 2 T, pZ a , pZ-^} on M x (0,oo) extends to a frame of [0]-tangent 
bundle of M x [0, oo) and gives a distinguished local frame for <£*<?. By pushing it forward, 
we have a distinguished local frame of g. 

The first main theorem in this paper is on the existence of an approximate solution of 
the Einstein equation. For any ACH metric <?, its Ricci tensor is naturally defined as a 
symmetric 2-tensor over ^TX . We define the Einstein tensor by Ein := Ric+i(n + 2)g. 

Theorem 0.1. Let (X, [0]) be a (2n + 2) -dimensional [Q]-manifold and T ' a compatible 
nondegenerate partially integrable almost CR structure on M = dX. Then there exists an 
ACH metric g with CR infinity (M, T 1,0 ) satisfying 

Ei noooo = 0(p 2n+i ), Ei noo0 = 0(p 2 "+ 4 ), Ei nooa = 0(p 2 "+ 3 ), 

(0.3) Ein 00 = 0(p 2 "+ 4 ), Ein 0Q = 0(p 2n + 3 ), 

Eh V = cV"+ 3 ), Ein Q/J = 0{p 2n+2 ) 

with respect to any distinguished local frame { Woo, Wo, W a , Wa} of [®'TX near the bound- 
ary, where p is any boundary defining function of X . 

Note that the condition (|0.3I) is independent of the choice of a distinguished local frame 
and a boundary defining function. 

Construction of better approximate solutions is obstructed by a tensor O a/3 on the bound- 
ary, which is called the CR obstruction tensor and is defined as follows. Let g be any ACH 
metric satisfying f|0 . 3[) and 9 £ i*[0] a pseudohermitian structure on dX. Then there is 
a special boundary defining function p for 9, which satisfies \dp/p\ g = 1/2 near dX and 
<-*(A) = 2 .We set 

O aft := (p- 2n - 2 Vm a p)\ dx 

in terms of the Einstein tensor of g. This is well-defined, i.e., this does not depend on the 
choice of g, and is a natural pseudohermitian invariant of (M, T 1,0 , 9). We shall prove that 
for 9 = e 2u 9 it holds that 

(0.4) Q/3 =e- 2 ""CV 
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Let ( be the section of the CR canonical bundle K = /\" +1 (T 1 -°) ± of M associated to 9 
in such a way that Farris' volume normalization condition |Fa| 

(0.5) 9 A {d8) n = i n2 n\(-l) q e A (T j () A (T j c), 

where the signature of the Levi form is (p, q) , is satisfied. We define the density- weighted 
version of the CR obstruction tensor by 

O al3 := O ap ® | C | 2 "/("+ 2 ) G £ {afj) (-„, -„). 

Similarly we set A Q/3 = A a/3 , N a ^ 1 = N aj3 ~ f , where A is the pseudohermitian torsion tensor 
associated to a choice of 9, and indices of such density-weighted tensors are lowered and 
raised using h - = h _® |Cr 2/( " +2) and its dual h ali '. Then we have the following results, 

° ap ap 11 ° 

the first of which is just another expression of (10.4[) . 

Theorem 0.2. (1) The density-weighted CR obstruction tensor O aj3 is a CR invariant. 

(2) For an integrable CR manifold, O a a vanishes. 

(3) Let D a P be a differential operator £t a m —n) £{~n — 2, — n — 2) defined by 

Then this is a CR-invariant operator and we have D a ^O aj3 — D a ^O—-^ = 0. 

In spite of (2), there certainly is a partially integrable almost CR manifold for which 
O a fj is nonzero as we will see in §6. This indicates the importance of studying partially 
integrable almost CR structures. 

We shall also investigate how well the solution is improved if we introduce logarithmic 
terms to ACH metrics. A function / G C°(X) D C°°(X) is said to be an element of A(X) 
if it admits an asymptotic expansion of the form 

oo 

(0.6) /~E/ (9) (logp) 9 , / (9) eC°°(A) 

9=0 

for any boundary defining function p. If / G -4(A), then the Taylor expansions of f^ at 
dX are uniquely determined. A singular ACH metric is a [0]-metric g with gjj G -4(A) 
satisfying the same condition for usual ACH metrics. Then the components of its Ricci 
tensor also belong to -4(A), and hence so do those of the Einstein tensor. For any p G dX, 
we say that / G A(X) vanishes to the infinite order at p if and only if all the coefficients 
f( q ) have the vanishing Taylor expansions at p. A tensor over ^TX vanishes to the infinite 
order at p if and only if all of its components vanish to the infinite order at p. 

Theorem 0.3. Let (X, [6]) and (M, T 1 ' ) be as in TheoremUTl] and p £ dX. Then there 
exists a singular ACH metric whose Einstein tensor vanishes to the infinite order at p. 
Furthermore, if O a p(p) = 0, then there exists such an ACH metric with no logarithmic 
terms. 

When M is the boundary of a bounded strictly pseudoconvex domain f2, the result 
above has a somewhat peculiar implication. Recall that the obstruction to the existence 
of a smooth solution to the zero boundary value problem for the complex Monge-Ampere 
equation on £1 is one scalar- valued function on c?Sl. On the other hand, by Theorem 10.21 
(2), the second assertion of Theorem 10.31 applies to this case. Our result says that in the 
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ACH category, at any given point on dft, we can always erase the logarithmic terms. The 
author believes that there is some framework that can capture both Graham's scalar- valued 
obstruction for integrable CR manifolds and the CR obstruction tensor at the same time. 
This might be an interesting topic of further study. 

Our result contradicts a work of Seshadri [3], which states that there are a "primary" 
scalar- valued obstruction function and a "secondary" 1-tensor obstruction to the existence of 
ACH-Einstein metrics without logarithmic terms. Despite the fact that there is a difference 
in the definition of ACH metrics, the conflict is not because of it. The work [S] contains 
some crucial calculation errors in §4, where the computation of the Ricci tensor is carried 
out. Nevertheless, the influence of Seshadri's paper on our analysis is obvious; if it were not 
for it, this work should have been much harder to complete. 

The paper is organized as follows. We first recall some basic facts about ACH metrics in 
Jl] In we quickly develop a theory of pseudohermitian geometry for partially integrable 
almost CR manifolds. After studying how the Ricci tensor depends on the metric in $3] and 
SJU we prove Theorem 10.11 and Theorem 10.21 in <j5l In we calculate the first variation 
of O a p with respect to the modification of partially integrable almost CR structure on 
the sphere from the flat one and verify that a generic small modification gives rise to 
nonvanishing CR obstruction tensor. The last section fJT] is devoted to an investigation of 
singular ACH metrics and the proof of Theorem 10.31 

In this paper the word "smooth" means infinite differentiability. The Einstein sum- 
mation convention is used throughout. Parentheses surrounding indices indicate the sym- 
metrization. Our convention for the exterior product u> A rj of 1-forms is {uj A r))(X, Y) = 
oj(X)rj(Y) — lo(Y)t](X), while for the symmetric product oj-q we observe (ujrj)(X, Y) = 

I would like to express my gratitude to Kengo Hirachi for guidance to this interesting 
research area and continuous encouragement. I also wish to thank Takao Akahori, Olivier 
Biquard, Charles Fcffcrman, Robin Graham, Colin Guillarmou, Hiraku Nozawa, Raphael 
Ponge and Neil Seshadri for helpful advice and discussions. 

1. [©] -STRUCTURES AND ACH METRICS 

Let X be a smooth manifold- with-boundary and O £ C°°(dX,T*X\gx) such that t*0 
is a nowhere vanishing 1-form on dX, where l: dX X is the inclusion map. Then a Lie 
subalgebra Ve of C°°(X, TX) is defined as follows: for any boundary defining function p, 
a vector field V belongs to Ve if and only if 

V £ pC°°(X,TX), 0(V) £ P 2 C°°(X). 

Here O £ C°°(X 1 T*X) is any extension of O. It is clear that Ve depends only on the 
conformal class [O] of O, which we call a [9] -structure on I. A pair (X, [0]) is called a 
[0] -manifold. We shall write V[e] instead of Ve- 

Now consider a (2n + 2)-dimensional [0]-manifold (X, [0]). There is a canonical vector 
bundle ^TX of rank 2n + 2 over X, whose sections are the elements of Vrej. Over the 
interior of X it is identified with the usual tangent bundle TX. To illustrate the structure 
near p £ dX, let { N, T, Yj } = { N, T, Y x , . . . , Y 2n } be a local frame of TX in a neighborhood 
of p dual to a certain coframe of the form {dp, &,a J }, where is an extension of some 
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€ [8]. Then any V € V[e] is, near p, expressed as 

(1.1) V = apN + bp 2 T + cJpYj, a, b, d G C°°(X). 

Hence { pA, p 2 T, pYj } extends to a frame of ^TX near p £ 9X. The dual frame of the 
bundle := (l^TX)* is { dp/p, 0/p 2 , a^/p }. A fiber metric of ^TX, which is not 

necessarily positive-definite, is called a [0] -metric. 

Example 1.1. Let f2 C C" +1 be a bounded strictly pseudoconvex domain. Then the bound- 
ary M = 5f2 carries a natural strictly pseudoconvex CR structure. If r € C°°(ST) is a 
boundary defining function and 9 :— \{dr — dr), then 9 := i*0 is a pseudohermitian struc- 
ture on M, where t: M S7 is the inclusion map. We consider the following complete 
Kahler metric G on f2: 

G = 4V d" f log — ) <fe*dz*. 

Let £ be the unique (1,0) vector field satisfying £ j ddr — mod dr, dr(£) = 1 and 
v := Re£, r := 2Im£. Then dr(y) = 1, dr(r) = and 9(f) = 0, 0(r) = 1. We set 
£ j <9<9r = K9r, or k = ddr(£,£). Furthermore, we let £i, be (1,0) vector fields 

spanning ker<9r C T 1,0 C n+1 near Af and £^ := £ a . The coframe {dr,9,9 a ,9 a } is defined 
as the dual of {z/, r, £ Q ,£a}. Then equations (1.3) and (1.4) of [G] read, for some set of 
functions j h - j, 

L a/3 J 

_ . .drdr ~ # a (9^ . ,dr 2 +4fl 2 - 

(1.2) G = 4(1 - r«)-j3- + 4/i a? — = (1 - ra) r2 + 4/^— 

and 

(1.3) ddr = ndr A <9r — h -£ a A ¥ = indr A 9 - h -J) a A (F. 

v y ap ap 

The square root X := £l\/2 of SI in the sense of [EMMj is defined as in the following way. 
As a topological manifold, X is identical with fi. The smooth structure on X is given in 
such a way that the identity maps X — > VL, dX — > M arc diffcomorphisms and p :— \J r/2 
is a boundary defining function for X. Let ii/2- X — ¥ f2 be the identity map and 0, 0", 
Q the pullbacks of 9, 9 a , 9 a by The conformal class [0] of := <d\dx is independent 
of the choice of r because that of 6\en is independent. Then G lifts to the following metric 
on X: 

dn 2 2 - Q 0^ 

(1.4) g := i\/ 2 G = 4(1 - 2p 2 n)^ r + (1 - 2p 2 K ) — + IK- . 

' p z p 4 a P p p 

Since {dp/p,Q/p 2 ,Q a /p,Q a /p} is a local frame of ^T*X, this expression shows that g 
extends to a positive-definite [0] -metric on (X, [0]). 

Let F p , p G dX, be the set of vector fields of the form (|l.ip with a(p) = b(p) — c J (p) = 0. 
Then the fiber ^T p X is naturally identified with the quotient vector space V\@]/F p . Since 
F p is an ideal, ^T p X is a Lie algebra, which is called the tangent algebra at p. In the 
sequel we always further assume that 



kert*[0] C T(dX) is a contact distribution on dX; 
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then the derived series of ^T P X consists of the following subalgebras: 

Id* := (p 2 T, pYt,..., pY 2n ) /F p , K 2 . p := (p 2 T) /F p . 

Collecting these subspaces we obtain the subbundles K\ and K 2 of ^TX\gx- 

ACH metrics generalize the [0]-metrics coming from complete Kahler metrics as illus- 
trated in Examplc ll.il The characterizing features are completely described in terms of the 
boundary value of g. Our first two assumptions are that 

= - at dX 

(1.6) g is positive-definite on Ki- 
lt is clear that (|1.5[) is independent of the choice of a boundary denning function p. The 
condition (ll.6[) implies that if we pull p 4 g, regarded as a section of Sym 2 T*X, back to dX 
then it is equal to the square of some contact form that belongs to i*[0]. If there is a 
fixed [0]-metric g satisfying these two conditions, then for any p G dX there is a unique 
orthogonal decomposition 

(1.7) le] T p X = R p © K ljP , K\ tV = K 2 . p © L p . 

The subbundle of ^TX\ dx whose fiber at p is L p is denoted by L. 

Let H C T(dX) be the kernel of <-*[©]. Given a boundary defining function p, there is a 
vector-bundle isomorphism 

(1.8) X p : H -> L, Y p ^ n p {pY mod F p ), 

where Y G C°°(A, TX) is any extension of Y p G H p and n p : K± lP — > L p is the projection 
with respect to the decomposition (|1.7p . By a compatible almost CR structure for [0] we 
mean any nondegenerate partially integrable almost CR structure T 1Q on dX for which the 
conformal class [8] of pseudohermitian structures is equal to l* [0] . 

Definition 1.2. Let (X, [0]) a [0]-manifold. An ACH metric on (X, [0]) is a [0]-metric g 
satisfying (|1.5|) . (| 1 . 6|) and the following additional conditions: 

(i) For any p G dX , if r p G i? p is the vector such that (dp/ p) p (r p ) = 1, then the map 
L p — > ^TpX , Z p h-> [r p , Z p ], is the identity map onto L p ; 

(ii) There is a compatible almost CR structure T 1 - such that, for some (hence for any) 
boundary defining function p and a pseudohermitian structure 8 G t*[&] charac- 
terized by L*(p A g) — 8 2 , via (| 1 .8|) <?|l agrees with the Levi form on H determined 
hy8. 

The condition (JTJ) above is independent of the choice of p. On (JTTJ) , the assumptions of 
partial integrability and nondegeneracy for T > are not restrictive here, since if A* (<?|z.) = 
{<18)\h (■, J') holds for an almost CR structure (H, J) on M = dX satisfying keri*[0] = H, 
then (o18)\h{', J') is symmetric and hence hermitian, which implies that (H, J) is partially 
integrable, and its nondegeneracy is nothing but the contact condition for t*[0] that we 
keep imposing. Furthermore, because of the contact condition, (H, J) is unique. We say 
that (M, T 1 ' ) is the CR infinity of the ACH manifold (X, [Q],g). 



(1.5) 



dp 
P 
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Remark 1.3. Let g be a [0]-metric on (X, [0]) satisfying (|1.5|) and (|1.6|) . We further assume 
that we have a local frame { A, T, Yj } of TX around p 6 9X, which is dual to { dp, 0, a? } 
for an extension of some G [0], such that dQ(N,Yj) = -Q([N,Yj]) = O(p) and 
R p = (pN) /F p . Then, since r p = (pN) p and [pN, p 2 T] = 2p 2 T, [pN,pYj] = pYj mod F p , 
the map L p — > ^T p X , Zp M> [r p , Z p ] is the identity if and only if L p — {pY\, . . . , pY 2n ) /F t 



v 



Let Lc = L 1 ' © L 1 - be the decomposition corresponding to H c = T 1 ' © T 1 - . A 
distinguished local frame { Woo , Wo , VFq , Wa } for an ACH metric j is a local frame of 
I e lTA near a point on dX such that, if restricted to OX, Woo generates R, Wq generates 
K 2 , W u . . . , W n span i 1 ' , and = W^. 

Proposition 1.4. Lef il C C™ +1 &e a bounded strictly pseudoconvex domain and T 1 ' the 
induced CR structure on M = dfl. Then, for any choice of a boundary defining function 
r 6 C oc (r2), the [®}-metric (|1.4I) on the square root of Q. is an ACH metric with CR infinity 
(M, T 1,0 ). 

Proof. We follow the same notation as in Example 11.11 and let { N, T, Z a , Z^} be the dual of 
{ dp, 0, Q , 0°}. It is obvious from (fl~4)) that (|T3)) . (|1~6)) and (EH of Definition [T2l are sat- 
isfied. Since (jl.4[> also shows i? p = (piV) /F p and (£ p )c = (p-Z'i, • ■ • , pZ n ,pZj, . . . , p^n) / F p , 
by Remark 11.31 we only have to check d<d(N, Z a ) — 0{p) to prove that Q holds. It follows 
from (|1.3[) that dO does not contain dr A 6> Q term, which implies that dQ(N, Z a ) = 0. □ 

For any [0]-metric on X satisfying (|1.5[) . (|1.6I) and a choice of a contact form in t*[0], 
there is a special boundary defining function, which is called a model boundary defining 
function, as shown below. 

Lemma 1.5. Let (A, [0]) be a [Q]-manifold and g a [Q]-metric satisfying (|1.5[) . (|1.6|) . 

Then, for any Set* [0] , £/iere exists a boundary defining function p such that 

dp 
P 



(1.9) 



= — near dX 

9 2 



and L*(p g) = 6 2 . The germ of p along dX is unique. 



Proof. This is given in [GS , but for readers' convenience we include a proof. Let p' be any 
boundary defining function and set p — e^p'. Then \dp/p\ g = 1/2 is equivalent to 

d.io) ^ + ^ 2 ^(l_^" 

P' P' g P' P' 

where X p > = § g (dp'/p') is the dual of dp' j p' with respect to g. If we express X p > in 
the form (|1.1|) . then the assumption (jl.5j) implies that a — 1/4 on dX. Hence (JTTTOj) 
is a noncharacteristic first-order PDE. After prescribing the boundary value of ip so that 
L*(p 4 g) — 9 2 is satisfied, we obtain a unique solution of (jl.lOj) near dX. □ 

Fix any contact form 9 G l* [0] on M — dX . Let p be a model boundary defining function 
associated to 9 and X p :— § g (dp/p). We consider the smooth map induced by the flow Fl t 
of the vector field 4X p /p, which is transverse to dX: 

$ : (an open neighborhood of M x { } in M x [0, oo)) -»■ X, [p, t) h-> Fl t (p). 
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The manifold-with-boundary M x [0, oo)t, whose boundary M x { } is identified with 
M, carries a standard [0]-structure, which is given by extending [8] in such a way that 
[6}{d t ) = 0. Since Q(4X p /p) = Apg(dp/p,e/p 2 ) = 0{p), we conclude that $ is a [0]- 
diffeomorphism, i.e., a diffeomorphism preserving [0]-structures, onto its image. By the 
construction tdt is orthogonal to ker (dt/t) with respect to the induced [0] -metric &*g, and 
we also see that t — &*p, which implies that t is a model boundary defining function for 
§*g and 8. 

Definition 1.6. Let (M, T 1 ' ) be a nondegenerate partially integrable almost CR manifold 
and give M x [0, oo) p the standard [0]-structure. Let 8 a pseudohermitian structure on 
(M, T 1 ' ). Then a normal-form ACH metric g for (M, T 1 ' ) and 8 is an ACH metric 
defined near the boundary of M x [0, oo) p satisfying the following conditions: 

(i) pd p is orthogonal to ker(dp/p) with respect to g; 

(ii) p is a model boundary defining function for g and 8] 

(iii) its CR infinity is (M, T 1,0 ). 

What we have proved is that, for any choice of 8 e t*[0], any ACH metric is, if it is 
restricted to some neighborhood of the boundary, identified with a normal-form ACH metric 
for (M, T 1 ' ) and 8 via a boundary-fixing [0] -diffeomorphism, where (M, T 1,0 ) is the CR 
infinity of the original ACH manifold. 

Proposition 1.7. Let (M,T 1,0 ) be a nondegenerate partially integrable almost CR manifold 
and X C M x [0, oo) p an open neighborhood of M = M x { } carrying the standard [0]- 
structure. Let { Z a } m general denote a local frame of T 1,0 , { 8 a } a family of 1-forms 
on M satisfying 8^{Z a ) — S a ^ and 8 a — 8 a . We fix a pseudohermitian structure 8. The 
1-forms 8, 8 a and 8 a are extended in such a way that they annihilate d p and are constant 
in the p-direction. Then a [Q]-metric g on X is a normal-form ACH metric for (M, T 10 ) 
and 8 if and only if it is of the form 

, v fdp\ 2 ( 8\ 2 8 8 A 8 A 8 B 

(1-11) .9 = 4 — +.9oo — +2.9oa — — +9ab , 

VP/ \P J P P P P 

where the indices A, B run { 1, . . . , n, 1, . . . , n }, and satisfies 

(1-12) 0ooIm = 1, SoJm = 0, g a -\ M = h c ^ and g al3 \u = ^, 

where h — is the Levi form associated with 8. 

a/3 J 

Proof. The condition pd p _L g ker(c? j o/p), together with (|1.10p . implies that g is of the form 
(II. lip . In order p to be a model boundary defining function for 8, g 00 must be 1 at 
M. By Remark II .31 the condition (P in Definition 11.21 is equivalent to <?ocJm = in this 
situation. The given almost CR structure T 1,0 is the one in |n| of Definition [L2] if and only 
if 9 a p I m = h a p and g af3 \ M = 0. □ 

2. Pseudohermitian geometry 

Let (M, T 1 ' ) be a nondegenerate partially integrable almost CR manifold. In the pres- 
ence of a fixed pseudohermitian structure 8, there is a canonical direct sum decomposition 
of T C M: 

TcM = CT © T 1 ' © T 0,1 . 
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Here T, the Reeb vector field, is characterized by 

9{T) = 1, T j dO = 0. 

If {Z a } is a local frame of T 1 ' , the admissible coframe {9 a } is defined in such a way 
that 9 a (Zp) = S a and 6» Q | CTeT o,i = 0. This makes {9,9 a ,9 w } into the dual coframe of 
{ T, Z a , Za}- The index is used for components corresponding with T or 9. 

The Tanaka-Webster connection can be defined as the following proposition shows. The 
proof goes in the same manner as in the integrable case. See, e.g., Proposition 3.1 in |Tnk) . 

Proposition 2.1. On a nondegenerate partially integrable almost CR manifold (M,T 1 ) 
with a fixed pseudohermitian structure 9, there is a unique connection V on TM satisfying 
the following conditions: 

(i) H , T, J , h are all parallel with respect to V; 

(ii) The torsion tensor Q(X, Y) := Vx^ — V^X — [X, Y] satisfies 



(2.1) 



Q(X, Y) + Q(JX, JY) = 2 d9(X, Y)T, X, Y e T(H), 
Q(T, JX) = - J6(T, X), X e T{H). 



The components Q/3 °, © Qi g 7 , © a ^ 7 of the torsion are not visible in (|2.1|) . Following the 
argument in the integrable case the first two are shown to be zero. One immediately sees 
from the definition that the last one is related to the Nijenhuis tensor by 

The other nonzero components of the torsion are 

and their complex conjugates. We call A a P the Tanaka-Webster torsion tensor. 

Remark 2.2. There is another generalization of the Tanaka-Webster connection to the 
partially integrable case given by Tanno |Tnoj . which is also used in |BaD| . [BID] and [S]. 
Our generalization is different from it in that ours preserves J, which facilitates the whole 
argument below, and that Q a 7 is generally nonzero instead. It seems that our connection 
is first considered by Mizner [M] . 

The first structure equation is as follows: 

(2.2) d9 = ih- p 9 a A 9~P, 

(2.3) d9~< = 9 a A uj^ - A- J 9 W A 9 - \N_^9 H A 9~P . 

Let { oj a P } be the connection forms of the Tanaka-Webster connection. Without any 
modification, the proof of Lemma 2.1 in |L2j applies to the partially integrable case and we 
obtain the following lemma. 

Lemma 2.3. In a neighborhood of any point p € M , there exists a frame { Z a } ofT 1,0 for 
which u> a P(p) — holds. 
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With such a local frame, it is easy to relate exterior derivatives with covariant derivatives. 
For example, one immediately sees that the exterior derivative of a (l,0)-form a — <J a 6 a is 
given by 

da = a a ^ A8 a + cr a -J$ A 9 a + a afi 6 A 9 a — AftrJP A 9 - \N^_ a a a 9^ A 9~. 

Here covariant derivatives of tensors are denoted by indices after commas. This notation 
will be used in the sequel. In the case of covariant derivatives of a scalar- valued function 
we omit the comma; e.g., V„it = u„ and V^V^u = u 

O a a ft ap 

Proposition 2.4. We have 

(2-4) A ap = A pa , 

(2-5) N aM + N pai = 0, N api + N Ma + 7V 7Q/3 = 0. 

Proof. By differentiating (|2.2I) and considering types we obtain (|2 .4[) and Nr a p = (where 
the square brackets denotes skew-symmetrization) . The first identity of (|2.5[) is obvious from 
the definition of the Nijenhuis tensor, and it thereby proves the second one. □ 

Lemma 2.5. The second covariant derivatives of a scalar-valued function u satisfy the 
following: 

(2-6) u a p- u p a = ih a p u 0> u a0 -u pa = -N^uj, u 0a -u a0 = Aju-p. 
Proof. The same argument as the one in |L2| applies to our case. □ 

Next we shall study the curvature R TW (X,Y) = V x Vy - VyVx - V[x,Y]- If we set 
TLj = dwj - A w/, it holds that R TW (X, Y)Z a = n/ (X, Y)Z p . We put 

(2.7) II , = R , _9 a A 9 T + W , Q 1 A 9 + W T ,_9~ A 9 + V , 9 a A 9 T + V 6 W A 6 T , 

v ' ap apar ap~y ap~y apar apar 

where V , \ = V , = 0. Since Vh — we have II - + II- = 0, and hence 

a (err) a (err) a/3 /3a ' 

(2.8) R , _ = Rs _ , W ~ = - _ , V -s =-Vs . 

v y apar para aPj pay apar paar 

We substitute (|2.7[) into the exterior derivative of (|2.3[) and compare the coefficients to 
obtain 

(2.9a) R , , _ = -JV_J7j\L_,, 

(2.9b) W, =A - N A- 7 , V T , = Uh ^A aT -h -*A a<7 ) + ±N 

v ' a/37 Q 7 ; P 7<ra 7 apar 2 ^ ap aT rp acr/ 2 ara,p 

The component i? — _ is called the Tanaka-Webster curvature tensor. We put R — := 

r afipa r ap 

R 7 and i? := i? It is seen from the first identity of (12.81) that R — = _R- , and from 

7 ap u ' ' ap pa 

(|2 9ap we have 

( 2 - 10 ) R a \j = ^~^Nf. 

As we have discussed above, a choice of a pseudohermitian structure 9 defines the Tanaka- 
Webster connection and supplies various pseudohermitian invariants. If a certain pseudo- 
hermitian invariant is also conserved by any change of pseudohermitian structure, it is 
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called a CR invariant To investigate such invariants, we need the transformation law of 
the connection and relevant quantities. 

Proposition 2.6. Let 9 and 8 = e 2u 8, u € C°°(M), be two pseudohermitian structures 
on a nondegenerate partially integrable almost CR manifold (M, T 1,0 ). Then, the Tanaka- 
Webster connection forms, the torsions and the Ricci tensors are related as follows: 

(2.11) Co J = ujJ + 2{uJP - u?8 a ) + 25 Ju^ + 2t(u? a + 2u a u? + 25 a ?u^)6, 

(2.12) A ap = A af} + i(u ap + Ufja ) - Aiu a u p + i{N lap + N lPa )u\ 

(2.13) R- p = R a - p - (n + 2)(u a - 3 + u-J - (u^ + u\ + 4(n + 1)^) h- & . 

Proof. The new Reeb vector field is f = e~ 2u (T - 2iu a Z a + 2ivFZ-) and the admissible 
coframe dual to { Z a } is { 8 a = 8 a + 2iu a 8 }. To establish ([2~TT1) and ([2"T2"1) . it is enough 
to check that 

d Kj = \^ + 

and 

dd 1 = 6 a A w„ 7 - h^A-,(P A9-±N _ 7 r A ¥. 

a a/3 I ~a.fi 

They are shown straightforward using (|2.6[) . 

We compute ft/ = duj modulo 9 a A 6?, A 9, or equivalently, modulo 9 a A 9 13 , 
6" A 6$, 9. By the first identity of (JSTBJ we obtain that, modulo 9 a A 9@ , §-* A 9$, 9, 

V = V - [(n + 2){u- p + ujj + (u^ + + 4(n + h-^ 9 a A & 

ee ~R a - p - (n+ 2){u- p + UpJ - (V + V + 4 (™ + !)S m7 ) h J ^ A ^ 
This proves (|2T3]1 . □ 

Finally we sketch the concept of density bundles following |GG) . Let us assume that 
we have fixed a complex line bundle £7(1,0) over M together with a duality between 
£(1,0)®(™+ 2 ) and the CR canonical bundle K. Such a choice may not exist globally, but 
locally it does; when we use density bundles we restrict our scope to the local theory. Then 
E(w, 0) is the w th tensor power of E(l, 0), and we set 

E{w,w')= E(w,0) ®E(0,w'), w,w'eZ, 



where E(0,w') :— E(w',0). We call E(w,w') the density bundle of biweight (w,w'). Since 
there is a specified isomorphism E(— n — 2,0) = K , we can define a connection V on 
E(w,w') so that it is compatible with the Tanaka- Webster connection on K. The space of 
local sections of E(w, w') is denoted by £(w, w'). 

Farris [Fa] observed that, if ( is a locally defined nonvanishing section of K, there 
is a unique pseudohermitian structure 8 satisfying (|0.5p . If we replace £ with AC, A € 
C°°(M,C X ), then 9 is replaced by \X\ 2 ^ n+ ^9. We set 

|c| 2/(n + 2) = cl /(„ +2 ) 8 £V(«+a) £ £{ _^ 



Rigorously speaking wc should say "partially-integrable-almost-CR invariant," but we prefer this shorter 
expression. 
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which is independent of the choice of the (n + 2) nd root of £ and is in one-to-one correspon- 
dence with 6, and define |(|- 2 /(«+2) g £(i ; ]_) as its dual. Then we obtain a CR-invariant 
section := 9 <g> \(\~ 2 /( n + 2 ) of T * M E ^ iy 

The Levi form ft is a section of the bundle (T 1 ' )* <E> (T 0,1 )*, which is also denoted 
by E -77 using abstract indices a and 8. Since h , and 9 have the same scaling factor, 

J ap ° ' ap ° 

ft _:=/i _(g)|C|- 2 /(™+2) e 5 (11) is a CR-invariant section of E ,(1,1) := J5 ,®.E(1,1). 

ap ap ap v 7 ap v y ap v 7 

Its dual is ft Q/9 G £ a ^(—l, —1). Indices of density- weighted tensors are lowered and raised 
by ft , and h°^. 

J a/3 

One can show that V6 and Vft are both zero. To see this it is enough to show that 
V|C| 2 = 0, which follows from V/i = 0. For details see the proof of Proposition 2.1 in jGGj . 

The density-weighted versions of the Nijenhuis tensor, the Tanaka- Webster torsion tensor 
and the curvature tensor are defined by 

R ts-:=R n - ® |C|- 2/(n+2) G 5 , _(1,1). 

When dealing with density- weighted tensors, we let V a , and V denote the compo- 
nents of V relative to 8 a , 9 a and 6. Since the transformation law (|2.11[) of the Tanaka- 
Webster connection forms does not contain the Nijenhuis tensor, equation (2.7) and Propo- 
sition 2.3 in [GGj also hold in the partially integrable case. Using them we can derive the 
transformation law of any covariant derivative of any density-weighted tensor. 

3. Some low-order terms of Einstein metrics 

Let (M, T 1 ' ) be a nondegenerate partially integrable almost CR manifold with a fixed 
pseudohermitian structure 9 and X C M x [0, oo) p an open neighborhood of M — M x { }. 
We take a local frame 

(3.1) {pd p ,p 2 T,pZ a ,pZa} 

of P'TJ, where T is the Reeb vector field associated with 9 and { Z a } is a local frame of 
T ' , both extended constantly in the p-direction. The corresponding indices are oo, 0, 1, 
. . . , n, 1, . . . , ri. The local frame (|3.1j) is denoted by { Wi } if needed. 

Rule for the index notation. The following rule is observed in the sequel, except in the proof 
of Proposition 15.51 

• a, B, 7, <7, t run { 1, . . . , n } and a, 8, 7, a, r run { 1, . . . , n }; 

• i, j, k run { 0, 1, . . . , n, T, . . . , n }; 

• /, J, K, L run { 00, 0, 1, . . . , n, 1, . . . , n}. 

Lowercase Greek indices and their complex conjugates are raised and lowered by the Levi 
form unless otherwise stated. 

We consider a normal- form ACH metric jonX. By Proposition [TT71 the ACH condition 
for g is equivalent to 

, , 5oooo = 4 > 5oo0 = °> ffooa = °i 

(3.2) 

9oo = 1 + 0(p), g 0a =O(p), 9 a -E = h a -p + 0{p), g afj = 0(p), 
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where h — is the Levi form. Note that { Wi } is a distinguished local frame for g. We shall 
compute the Ricci tensor of g and the Einstein tensor Ein := Ric +\{n + 2)g. Our goal in 
this section is the following proposition. By abuse of notation, in what follows we use the 
same symbol for a tensor on M and its constant extension in the p-direction. 

Proposition 3.1. The Einstein tensor Ein 7 j of a normal-form ACH metric g is 0(p 3 ) if 
and only if 

.9oo = l + 0(p 3 ), g 0a = O( J P), 



(3.3) 
where 



(3.4) 



9 a p = Kfi + P 2 ® a H + °(P 3 )> 9 af 3 = P 2 ® a p + 0(p 3 ), 



$ « = ^77 (Rts- 2N aaT N-, Ta - — - — -(R - 2N^ aT N^ Ta )h , 

a /3 n + 2 \ a ? I 3 2(n + 1) /aT ' a P 



2 
n 

The functions ip^ are defined by 



$> af} = -2iA a p--{N^+N lf} ^). 



-, 3 

(3-5) g 0Q = l + <p 00 , 9o a =f 0a , 9 a p = h a ^ + (p a ^, g a/3 = p aj3 . 

The totality of (</>y) is seen as a symmetric 2-tensor on M with coefficients in C°°(X) using 
the frame { T, Z a , Z^}- Hence the action of the Tanaka- Webster connection operator V on 
{<Pij) is naturally defined. 

We define a connection V on TX by setting VzW = V zW for vector fields Z, W on M 
and 

V9 P = 0, V a T = V dp Z a = 0. 
The connection forms of V with respect to the frame {Zj} are given by 

(3.6) =W- = f, -°° = 2 7< ^ = ^ + K" d A 

where uij 3 are the connection forms of V with respect to { Z a }. The torsion of V is 

U JJ — u oooo — u 0/ — U oo/ — u 00 — U 0q — U q/3 — u a,3 — U J 

(3.7) _ Q _ _ 

QqTJ = i/l a £» Oa =P 2 A/> ©a/ = 

the Ricci tensor of V, defined by := R/ K kj, is given by 



-RooJ — "j«> — Roi — Rio — 0' 

R a p = P 2 (R aJ ~N aaT Nf°), R af> = p 2 (i(n-l)A a t 

We sometimes reinterpret a tensor on X as a set of tensors on M with coefficient in 
C°°{X). For example, a symmetric 2-tensor Sjj is also regarded as the composed object 
of a scalar- valued function , a 1-tensor S' ooi and a 2-tensor , with coefficients in 
C°°{X). Thus V can be applied to S u = (S^, S xi , S tj ). Let #(J X , . . . ,I N ) := N + 
(the number of O's in I\, . . . , In)- Then, from Q3.6j) we have the following formulae: 

(3.9) V 0O S IJ = (pd p -#(I,J))S IJ , V S IJ =p 2 \7 S IJ , V a S IJ = pV a S IJ ; 
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on the left-hand sides of the equalities { pd p , p 2 T, pZ a , pZa} is used for covariant differen- 
tiation, while on the right-hand sides { T, Z a , Z^} is used. 

We set V 9 w Wi = VwjWi + Dj K jWk, where V 9 is the Levi-Civita connection of g. 
Then the Ricci tensor of g is given by 



(3.10) Ric 7J = Rjj + V K D«j - VjD« K - Df K D« L + D t jD L K . 

Thus the calculation of the Ricci tensor essentially reduces to that of Dj K j. We can compute 
d ikj '■= 9kl d i L j b y tn e formula 

D IKJ = |( V /9 J K + Vj9lK ~ Vk9u + &IKJ + e .JKI + @IJk), 

where Qjjk : — 9kl®ij ■ The result is given in Table l3~Tl 

To prove Proposition 13.11 it is enough to calculate everything modulo 0(p 3 ). However, 
for later use, we shall carry out more precise computation. What we allow ourselves to 
neglect are 

(Nl) any term at least quadratic in fc with O(l) coefficients, 

(N2) any term linear in ip m k , ip 0a k , ip — k or ip^ fe with O(p) coefficients which 
vanish in the case of the CR sphere with standard pseudohermitian structure, and 

(N3) any term linear in ip a/3 k or ip_ — fc with 0(p 2 ) coefficients which vanish in the 
case of the CR sphere with standard pseudohermitian structure. 

Modulo terms of type (Nl), g J is given by 

„oooo _ 1 „ooO _ n ooa _ r\ 

y — 4 j y — y — u ' 
g 00 ^l-^ , 9 0a = -<p a , g a ^ = h a P-^, g^ = -^. 

By these formulae and Table [3TT1 we compute Dr 7 modulo terms of type (N1)-(N3) using 
the equality D T K j = g KL D ILJ . Table [3^1 is the result. 

Finally we can show the following formulae for the Einstein tensor. We define the sub- 
laplacian by A b := -(V Q V Q + V"V ff ). 

Lemma 3.2. The Einstein tensor of an ACH metric g is, modulo terms of type (Nl)-(NS), 

Ein oooo = -\pdp{pd p - A)ip m - pd p {pdp - 2)ip a a , 
Ein^o ee \p{pd p + 1)(V> 0Q + V> «) - P 2 (P9 P + 1)V ^ Q Q , 
Ein ooa = -%i{f>dp + l)¥>oa ~ \p{P d P - l)V a Voo - P 2 d P ^ a vf 

+ ip 2 d p (vy^ + vV/j) + \ P 2 d p Nj-^- M + \p\pd p - l)V <p 0a , 
Ein 00 ee -| ((pd p ) 2 - (2n + A)pd p - An) Voo + \{pd p - 2) Va a 

+ ip(V a <p 0a - V> 03 ) + ip 2 A b ^ 00 + p 3 (V V> 0Q + V V> 03 ) - p 4 V V ^ Q Q 
Ein 0a ee p 3 A a ^ + p 3 Nj~Ap_ ~ \{pd p + l)( P d p - 2n - 3)^ 0a 

+ jipV a <p 00 + ^ipV a <pf - ipV P <P a p + ^p 2 A b ip 0a - \ip 2 V a ip 0a 

+ ip 2 (V Q VVo^ + V a V^ 0? ) - P 3 V V Q ^/ + ip 3 (V VV^ + V V V^), 
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Type 


Value 


^ooocoo 


-4 


^ooOoc 










D ooooO 





^ooOO 


-2+i(p9 p -4) W)() 




i(p9 p - 3)v5 0a 


^ooooa 







|(pa p -3)95 a 


« 

oopct 


-K-p + \(P d P-i)<p a i 




\{pd p - 2)ip aj} 


DoooO 


2- ^{pd p -4)ip 00 


Dooo 


1 2^7 

2P VoV^oo 




- jPVc^DO + P (Vo^Oc + A a Pop) 




— 2\P°P ~ J J<A)a 




2P V aV00 


^0/3 a: 


ih Lift _ ( o.„ j- inCV (o V— m„ 1 4- in 2 ^V n (/o k/t 4- 4 1 in \ 




n 2 4 „ -1- In^y rrt, — Y7-,^„ — /V ^ -1- — r? (^7 n m r , -A- A ^in,-, -1- 4 ~1 




— — (oBn — 3)(i9n 
2 \r^P ^JrOa 


^auu 


-o\7 IDnn — O 2 A 13 W — 


n 

a/30 


Lh 4- i-h in.,.. A- -n(X7 in — V tn r , ) -4- -n 2 (\7,,in — A 7 in 4- A 1 in \ 




2P(V a W)/i - V^^oa - N a p V07) + 2^ ( V 0</>c«/3 ~ V/37 + A /3 Very) 


^ -a 

aoo/3 


U 1 / CI r»\ 

2(P d P- 2 )<P a p 


r-i 


2 h a J + 2 h a jP00 + 2P( V «VV + V ^0a) ™ 2^ ( V <>^ + A « ^7 + Va-y) 




U^yfop + h a ^i) + IP^^- + ^fP a ~ - V-V^tj - Nj_°ip a „) 


c«7/3 






-\{pd p - 2)ip aP 




~p 2 A afi + ip(V Q( p 0/3 + VpPoc, + N^ip^) - ip 2 (V v3 Q(9 + A^'ip M + A^ip al ) 











Table 3.1. Djkj f° r a normal-form ACH metric g. D 0Koo and Z) 
arc omitted; we have D QKoo = fl mK0 and D aKoo = D ooKa 
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Type 


Value (modulo terms of type (N1)-(N3)) 


D °° 

^ OO oo 


-1 


D 

oo oo 





D a 

^ oc oo 





£>oo°°o 







-2 + ±pd P <p m 


U oa 


i( P a P + iw* 


D °° 

^ oo a. 





D 

^ oc a. 


i(p<9p-l)V20c 


D 13 

^ oo a 




D 15 




D °° 


1-1(^-4)^0 


D °o 


§P 2 V <Poo 


n a 

1J 


-ipV>oo+p 2 V ^o Q 


U <S a 


-|(p3p - 3)<Poa 


7~1 
L>0 a 


-f<A)c, + §pV a <p o 


7-1 

#0 a 


z r 1 i c i 0,1 iT-r tt70 \ 1 1 2w Q 

\& a p + - 2 8 a p tp m - \ip a p + 2P(V a <p - V>oa) + - 2 P V <p a p 


7-1 ~B 


P 2 AJ - ±yj> + lp(V a <p - VVoJ + \p V <p</ 


n 00 

-L^a 


1 / _ q\,-. 


D °n 




— l/O/i -1- — n\7 in,\,\ 
2 f 0a 1 2 " a fOO 





2 u a <^ 2 a r00 2 r a 2"V v a l r v v *r0a 7 ~ 2" Of a 


u a 


« //1 ^ -1_ 1 ^V7 ,0 ? V7?,/l -4- 1 r?X7 ,n P 
-2<Pa + jPlVafo — V <P0aJ + 2P V 0fa 


n 00 

U a J 


1 h 1 ( r,Fl OV/i 


^ 


i U 1 1 ^(Y7 1 17 \ 1 „2t-7 
2 ft ^ + + V ? V5 0c) " 2P V 0f a 


n 7 


2°a 9 J + 2P\ W C4>J + Vj<P a ~ V ip a j) - 2p N -p <Paa 


D \ 

a p 




U a 


-\{pd p - 2)<fi aB 


U a 


-p 2 A a/) + 2-p(V a vJ 0/3 + V p ip 0a ) - \\pN a ^^ - ±p 2 \7 <f a p 


"a 


H&JiPW + <5/f0a) + |P(V Q ^ 7 + VptpJ - V> Q(9 ) - ±piV a/3 V 


D 7 

"a /3 




Table 


3.2. Dj K j for a normal-form ACH metric g. D K oo and D a Jf oc 



arc omitted; we have D K oo = D oo K and D a K oc = D t 
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+ |p 2 (A b ^ + V a V> ?7 + V„^ + VjVVrfy + V ? V> Q7 ) 
+ |P 3 (V V Q ^ 0?J + VoV^to) - ±p 4 V V ^ q7? , 
Ein a/3 = mp^^ + p 2 (iV 7Q(9: 7 + ^ 7/3q , 7 ) - p 4 A Q(3i0 - £p5 p (pa p - 2n - 2)cp af3 

+ iP 3 (V V Q ^ + V V^ 0a ) - ip 4 V V ^ a(3 . 
Proof. Using Table l3~2l we compute, modulo terms of type (N1)-(N3), 

V k Dj K j, VjDj K k , D I L K D J K L and Dj L jD l k k 
to obtain Tables [3314331 Then, from (JSU) and (|3~T0)) . the lemma follows. □ 



Type 


Value (modulo terms of type (N1)-(N3)) 




1 




ip^pVo^oo + \p{pd P + l)(V Q V5 0a + V>0a) 




\p\pd p - l)V ^0a + |P 2 9 P (VV^ + VV Q/3 ) 




-f " §(M, - 3)(pd P - 4)ip 00 + ±p 2 A bt p 00 + p 3 (V V> 0a + V V>oa) 
+ip 4 V V ^oo 




-±(p9„ - 2)(pc> p - 3)^ + §pV a9 »oo_- ?p07 J <P a7 + VV/0 
+ip 2 A i , ¥J0a + ±p 2 (V Q VVo/3 + V a W 0? ) 

VA*/ + |p 3 v v q ^ 00 + |p 3 (v vV a/3 + v vV^) 




+ip 2 (A 6 ^ + V a V^ 7 + V Q + V ? V> a7 + V ? V> Q7 ) 
+ip 3 (V V Q ^ + VoV^oa) - ip 4 V V o! p a ^ 




p 2Ar 7Q /3, 7 " P 4 ^/3,D " §(P5 P - l)(pd p - 2)<p a/3 + i p(V Q <p 0/3 + V^Oa) 

+ip 2 (A i , V 9 C(/3 + V a V<p M + V a V 7 ^ + V<p a - + VpWtp^) + ip 2 V co a/3 
+ ip 3 (V V Q (Av + VoV^cooc) - ip 4 V V co Q/3 



Table 3.3. V k Dj K j for a normal-form ACH metric g 



Since by definition (p^ is O(p), from Lemma 13.21 we have 

Ein ocoo = |V00 + y Q a +°(p 2 )> Ein oo0 = °(P 2 )> Ein oo Q = -^0a + 0(p 2 ), 

Ein 00 = f(2n+l)^ 00 -i^ tt + O(p 2 ), Ein 0ct = |(n + % 0a + 0(p 2 ), 

(3 12) 

Ein^ = §(2n + 9)^ - i^ 00 + + 0( P 2 ), 

Ein^ = |(2n+l)^ + 0(p 2 ). 
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Type 


Value (modulo terms of typ> 


s (N1)-(N3)) 




2n + 3 + \pdp{pd p - 1)^ 00 + pd P (pd P 






ip 3 9 p V v3oo + p i d p V (p a a 




v n K 


\p 2 d p V a (p 00 + p 2 d p V a tpf 




V D K K 


±p 4 V V <Poo + p 4 V V oV 3 Q a 




V a D K K 


ip 3 V V QV 5oo + p 3 V V„<p/ 






5p 2 v a v^ 00 + p 2 V a V ? ^ + § p 2 /i q7 






ip 2 V a V^^ 00 +p 2 V a V /3 ^ 





Table 3.4. VjDj K k for a normal-form ACH metric g 



Type 


Value (modulo terms of type (N1)-(N3)) 


D 00 L K D 00 K L 


2n + 5 - 2pd p <p 00 - 2pd p ip a a 


n L n K 


-p 2 V <Poo - P 2 V <Pa" 


n L n K 


\{pd p + l)<p of) - pV^ o - pV^/ - \p(pd p - 2)nJ- Vj _ 


n L n K 


-I(n + 4) + (pd p -n- 2)^ + ^ - ip(V<V 0a - V> 05 ) 




-ppNjfA^ + \(3pd p -2n- 5)^ 0Q + §(V^ a? - - fpiV Q ^_ 
+|p 2 V (p c« 


n L n K 


p 2 iV Q %iV_ p _ + i(p9 p - 2)<p aJ + i/i a? ^oo - fp(V a ¥V - V /^o Q ) 




f P<9 P ^ Q( 9 + ip 2 -4 a ^ + f P(V a <A,/3 + V^gtpoa) 



Table 3.5. Dj L k Dj K l for a normal-form ACH metric g 



Type 


Value (modulo terms of type (N1)-(N3)) 


n L n K 


2n + 3 - ip9 p <poo - pdpifi a a 


n L n K 


-p 2 V ^oo ~ 2p 2 V <Pa a 


n L n K 


- ipv^^m, - pv a f/ + pNj 1 ^- 


n L n K 


-\(2n + 3) + ip<9 P <Poo + \pdp<p a a + \(2n + 3)(p9 p - 4)<p 00 


n L n K 


|(2n + 3)(pc> p - 3)<p (ta + |pV Q ^ 00 + ipV a¥ >/ - |piV a ^^_ 


D a L jD L K K 


-±(2n + 3)ft a? + i(2n + 3)(pd p - 2)<p^ + lh^pd pVoo + \h- p pdp^'< 
+ip 2 ^V oVoo + fp 2 ^V ^ 


n L n K 

u <x P L >L K 


i(2n + 3)(p<9 p -2)<p a/3 



Table 3.6. Dj L jD l k k for a normal-form ACH metric g 
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These identities show that all yj 4 • must be 0{p 2 ) in order Einjj to be 0(p 2 ). If tp^ = 0(p 2 ), 
by repeating this process we obtain the following, which immediately show Proposition 13. II 

Einoooo = 2 <Poo + 0(p 3 ), Ei noo0 = 0(p 3 ), Ein^ = -f iip 0a + 0(p 3 ), 
Ein 00 = ±(2n + % 00 + 0{p% Ein 0ce = f (2n + % 0a + °(A 

f3 13) 

Eil V = P 2R a ~ - ^W p Nj% + |(n + 2)^ - i^ 00 + + 0(p 3 ), 

Ein^ = mp 2 A af3 + p 2 (N^ + N^) + ±wp a p + 0(p 3 ). 



4. Higher-order perturbation 

Taking over the setting from the last section, we next introduce a perturbation in g and 
see what happens to the Einstein tensor. Let m > 1 be a fixed integer and ^ a 2-tensor 
on M with coefficients in C°°(X) such that 

%o = o( P m+2 ) 7 vw = 0(p™^ m+1 ^), 

^ = o(p ro+2 ), ^=o(p max{m ' 3} ). 

Let g be a normal-form ACH metric satisfying (|3.3|) and consider another metric </ with 
the following components with respect to { Wj } = { pd pi p 2 T, pZ a , pZ^}- 

(4-1) g'n = Qij + Aj' 

Note that g' also satisfies (|3.3p . We can read off from Lemma 13.21 the amount to which the 
Einstein tensor changes, which is denoted by (5Ein Ji7 . For example we have 

^Euw = -\i{pd„ + l)% a + \p 2 d p V^ afi + \pNj^pd^- M + 0{p m+2 ), 
(4.2) 5 Ein 0Q = — | ((pd p ) 2 - (2n + 2)pd p - 2n - 3) <A 0q + 0(p m+2 ), 
<5Ein Q/3 = -\pd p {pa„ - 2n- 2)^ + 0(p m+1 ). 

In the same way we can compute JEin^^, JEin^g, (5Ein 00 and 5Ein Q -g modulo 0(p m+2 ). 
But we want them to be given modulo one order higher. In this section we shall prove the 
following. 

Proposition 4.1. The components JEin^^, rJEin^Q, (5Ein 00 , (5Ein Q -g of the difference 
S Ein = Ein' — Ein between the Einstein tensors of g and g' are given by, modulo 0(p m+3 ), 

-\pd p {pd p - 4)^ 00 - pd p (pd p - 2)^ Q Q 
+ \ P \pd p f{^ a0 +^^l 

\ P {pd p + l)(Wo« + V"Voa) " |/> 3 + 
-| ((M>) 2 - (2n + 4)p9 p - 4n) V 00 + ?(P d P - 2 )^" 



<SEin_ = 



(4.3a) 



(4.3b) <ni.ii i 
(4.3c) 



ooO 

5 Ein 00 
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6Km a a = \n{pd p - 4)^ 00 - \ {(pd p f - {An + 2)p8 p - 8) ^ a a 
(4.3d) " \P 2 ((« - 2 )P9 P + (2n + 4)) (*«^ + tf^) 

tf(5Ein a? ) = -| ((p3 p ) 2 - (2n + 2)p9 p - 8) tf(^) 

(4.3e) 

+ iptf(V a ^» 0? - V^ 0Q ) + p 2 tf (tf^), 
where <5Ein Q a is £/ie trace o/iJEin^-g wii/i respect to h^, tf denotes the trace-free part, and 



First, let 



V a Wj Wi = VwjW! + D'j K jW k 



and D' IKJ := g' KL D' ' j L j. Then SD IK J = D' IKJ — D IKJ is given in Table |4~TI which is 
read off immediately from Table 13.11 

Next we compute SDj K j := D' j 7 — Dj K j. To do this we need the knowledge of the 
following quantities: D IKJ modulo 0(p 3 ), g IJ modulo 0(p 3 ) and 5g IJ := g' —g IJ modulo 
0{p m+3 ). They can be read off from TableEU (031) and (|3TTj) . Namely, D IKJ mod 0(p 3 ) 
are given by 



D = -4 

OOOOOO 7 


^ooOoo 


= o, 








^ooooO — 0' 




= -2, 








ooooq — ^; 




= 0, 


D -= = — h -j, 

oopa ap 


Doofia = 


0, 


-^OooO = 2, 


-^000 


= 0, 


^OaO = o, 








^00q 


= 0, 




A)/3a = 


P 2 K, 


^QOOO — 0> 




= 0, 






o, 


D -s = h-s, 

aoop ap 1 




= Uh - 




-° R = 

arfp 


0. 






- n 2 A 


Arf/J = °> 




-pJV t 


g 7,7 mod 0(p 3 ) are 












^oooo 


— 1 

— 4' 


g ooQ = gOCa 


eeO, 5 00 ee1, 


5 0Q = 0, 






= 










(55 /J mod 0(p m+3 ) are 












Sg 000 ee 


g°° a = o, 


<5. 9 00 ee -^ 00 , 5g 


°« EE -Vo": 




(4.4) ^ = 






+ $V Q7 ), 










p 2 ($ q 7 ^ 7 
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Type 


Value (modulo 0(p m+3 )) 
























i(pa P -4)v>oo 






CGOoa 







§(p<9p - 3)^0a 


<5D , 


|( P a P -2)^ 




|(p9 p - 2)ip af} 


SD 0oc0 


-\(pd P -4)Voo 


8D 000 





ou 0a0 


u 






oi/ 00a 


n 
u 


An 

O/JQ 


2 a/3™ 00 + 2"v V a ^0j ^jWOa) +2" ' . <* ^87 + £ ^£"7/ 






0-L> -5 

aoop 






i L „/, 1 1 „/v7 „/ 1 V7 »/. "\ 1 „2 / a ^ „i, 1 /i 7„/, \ 


cv.'y p 




SD , 






-\{pd p - 2)V Q /3 


SD a0 p 


|p(V a Vo/3 + V^Voa - N^ipffy) - 5P 2 V ^ 











Table 4.1. SD IKJ = D' IK J - D IKJ for a perturbation (|4.1j) 



Since Table 14.1 1 and (|4.4j) shows that Jg 77 and SD IKJ are both O( ( o max { m > 3 }), we have 
(5L» Ki • <5£> /LJ = O( j o m+3 ) and hence 

5Dj K j = g KL ■ 6D ILJ + Sg KL ■ D ILJ mod 0(p m+3 ), 

where SD T K j := D' T K j - Dj K j. Thus we obtain Table SU 
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Type 


Value (modulo 0(p m+3 )) 
































SD^o 






<5f oo Q o 


i( P a P + i)Vo Q 




f 7") OO 







AD 


|(p9 P - l)ip 0a 




SD ao a 






SD 1 

vis oo a 


\ P d P ^J - ip 3 9 P $^V Q7 - P 2 $ a ^~ 




SD °° 


-|(p5 / ,-4)i/'oo 




SD ° 







SD a 







8D °° a 






8D ° a 






SD p a 


§ ~ + kp{V a % P - V^Voa) 




SD & 


1,/, ' 3 _l_I„l'V W) ^ TjPil),. — N P*?nh Uln 2 y,tt ^xin^ft^/i 
2Wa T 2PV V Q 7 f ; V V^Oa Jv a ^(FyJ T 2P v 0Vo T 2P 


+ ^u-W ) 


An °° 






An 

a p 






SD i 

a p 


+ |p(v a v^ 7 - iy ff Va CT ) 




SD \ 

OL p 








-l{pd p -2)i> ap 




SD a % 


§p(V a t/> 0(9 + V^oJ - ^p(N\ p + N\ a )^ - \ P 2 V^ aB 






+ 3 - |pV 7 ^ - \p{N° af) + N" pa 












Table 4.2. SDj K } = D' * -7 - for a perturbation (gUJ 




On the other hand, Table [3T21 shows that, modulo 0(p 3 ), 




(4.5) 

D 00 

oo oo 


= -1 £> = D " = 

— i i -^oo oo — u > -^oo oo — u ' 




u oo 


= 0, Dj Q = -2, 0^=0, 




D 00 

oo a 


= 0, Dj a =0, Dj a = -8j+pHJ, Dj a =p 2 $J, 




U Q 


= 1 n°=n n Q =n 




U Q a 


— u ; ^0 a — u > ^0 a — 2'°Q 1 l P ^ a i u a — 2 l P V a 




u a 


— U J -^a — U ' (y. — 2 ZO a 2 Z " V a ' U a ~ 2*" V a ' 




D <», 

a p 


= \h D % = Uh -3, D \ = 0, D \ = 0, 

4 a/3' 2 a/3' a ^ ' a/3 ' 





n™=n n", = -^ 2 4„. n 7 = n. d 7 ^-aAt 7 . 
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Using Table 14.21 and (|4.5|) , wc compute 

VjcCMV^j), V^M?,**), 0jV«>A> Dj K L -SD K L L and £ K L L • 
all modulo 0(p m+3 ). The result is Tables [OH3ZZ1 From these tables and 
SEm u = \{n + 2)5g u + V K (SDj K j) - Vj(6Dj K k ) 
- Dj L K ■ SDj K L - Dj L K ■ SDj K L 
+ Dj L j ■ SD L K K + D L K K ■ SDj L j mod 0(p m +% 
we can verify Proposition 14. II 



Type 


Value (modulo 0(p m+3 )) 


(*£>„*«,) 





V K (8D X K ) 


ip( P 9 P + l)(V^ 0a +V^) 


V K (SD Q K ) 


-\{pd p - 3)(pd p - 4)^oo 









Table 4.3. V k (8Dj K j) for a perturbation (gH} 



Type 


Value (modulo 0(p m+3 )) 




\pdp(pd p - 1)^00 + pdpipdp - l)ip a a 




-\p\pd p + l)(pd p + 2){^ af) + <&^V a? ) 


V (<5 J D oo K /f ) 










~^~p{&D a K K ) 






Table 4.4. Vj(6Dj K k ) for a perturbation IpLT]) 



Proposition 4.2. Let g 6e a normal-form ACH metric satisfying (|3.3[) and g' given by 
dHT|). T/ien, 

JEin^ = -|( m + 2)(m-2)Voo -m(m + 2)^ a Q 
(4 6a) — 

+ i m V($% + $^^) + o( P m+3 ), 

<5Ei noc0 = |(m + 2)p(V a i/> 0a + V^ew) - |mp 2 (^^ + 
(4.6b) H 
+ 0(p m+3 ), 

(4.6c) d Ei nooQ = -|i(m + 2)^ 0a + hnpV^ a0 + \m P N~^^ + 0(p m+2 ), 



(4.6d) 



1(3 -r 2'"-P Jv a Vpy 

^ \ i " —I'll' -.■■I' -r.}>. ,-jq -|- —1 



<5Ein 00 = -f(rn 2 - 2mn - 8n - 4)^ 00 + \m^ a a + ip(V a % a - V a ^ m ) 



V 2 m($«^ Q/3 + + 0(p m+ % 



4 F ""V- Yap < =■= 
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Type 


Value (modulo 0(p m+3 )) 


Doo L ' k ■ &Doo K l 


- P a P Voo - pd P i> a a + p\ P d P + + <&^%) 


Doo L k ■ 5D K L 




D k ■ L 




D L k ■ SD K L 


§(pd p - n - 2)^,0 + - §p(V Q Vo Q - Wo*) 


D a L K ■ 5D/ L 


\{pd p - 2)^ + i/i a? Voo + spV^oa - iP 2 (p9 P - 2)# a ^ 



Table 4.5. • SDj K L for a perturbation (|4~Tj) 



Type Value (modulo 0(p m+3 )) 





-\pd P i> 00 - pd p ^ a a + \p\pd p + 2)(^i, aP + $ a0 i>-j) 


D^o ■ 5D K \ 





D K Q ■ SD K L L 


ipcWoo + \pd P ^ a a - \p 2 { P d P + 2)($ a ^ Q/3 + *'^) 




ih aJ pd p ^ 00 + \h aJ pd p ^ - \p 2 h^{pd p + 2)(*"^ ffT + 



Table 4.6. -D/ K L • SD K L L for a perturbation (|4~T|) 



Type 


Value (modulo 0(p m+3 )) 












Dk 1 ! ■ <5D K o 


±(2n + 3)(pd p - 4)^ o 


iv ^ a. (3 


|(2n + 3)(p9 p -2)^ a? 



Table 4.7. £> K L L • SDj K j for a perturbation (|4~TT) 



(4.6e) <5Ein 0a = -±(m + 2)(m - 2n - 2)V 0q + 0{p m+2 ), 

5 Ein Q Q = |n(m - 2)^ 00 - | (m 2 - (4n - 2)m - 8n - 8) <A Q a 

(4.6f) 

+ (0(p rn+2 ) terms depending on ip Qa and ip a p) + 0(p m+3 ), 

tf(<5Ein = -Km 2 - 2nm - 2rc - 9) tf (ib ,) 
(4.6g) ^ ^ 

+ (0(p m+2 ) terms depending on ip 0a and ip a p) + 0(p m+3 ), 

(4.6b) <5Ein Q(3 = -fm(m-2n-2)^ a/3 + 0(p m+1 ). 

Proof. This follows from (|4.2p . (|4.3p and the fact that the Euler vector field p<9 p acts on an 
0(p m ) function as, modulo 0(p ,n+1 ), a scalar multiplication by m. □ 
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5. Approximate solutions and obstruction 

By using the results in |}3]and SJH in this section we construct a normal- form ACH metric 
whose Einstein tensor vanishes to as high order as possible. First we observe the contracted 
Bianchi identity satisfied by the Einstein tensor. 

Lemma 5.1. Let m > 1 be a positive integer. Suppose that g is a normal-form ACH metric 
satisfying 



Ein oooo 


= o( P m+2 ), 


Ein oo0 


= 0(p m+2 


Ein 00 


= 0{ P m+2 ), 


Ein o a : 


= 0{p m ^ { 


Ein ~q 

ap 


= 0{ P m+ % 


Ein Q/3 


= Q(p max{ 



Then we have 

0(p m+3 ) = (m - 4n - 2) Ei noooo -4(m - 2) Ein 00 -8mEin Q Q 
(;> ' L0 + 8p(V" Ein^ +V«Eh W ) + 4p 2 (m - 2)($°" Ein ap +$^Ein_ ? ), 

0(p m+3 ) = (m - 2n - 2) Ein^ +4p(V Q Ein 0ct +V ff Ein 03 ) 

(5- lb) 

+ 4p 2 (A^Ein Q/3 +A^Ein_ ? ), 
(5.1c) 0(p m + 2 ) = 2(m - 2n - 2) Ein^ +4pV^ Ein a/3 -4i Ein 0ct +4pA^Ein^_ . 

Proof. We have the contracted Bianchi identity g IJ S7 9 K Ric J 7 = 2g IJ V 9 1 Ric Jif , where V 9 
is the Levi-Civita connection determined by g. Since V ff is a metric connection we further 
have 

g IJ V\Em IJ = 2g IJ V 9 I Em JK . 

In terms of the extended Tanaka- Webster connection V and the tensor _D, we can rewrite 
this identity as 

g u {V K Ein,., -2Dj L K Ein JL ) = 2g IJ (V I Ein JK -Dj L j Ein LK -D K L I Ein JL ), 
or equivalent ly, 

- 9 IJ (V K Em,,; -2V, Ein JK +2Dj L j Ein KL -20,/ Ein^), 
where is the torsion form of V. Since g 0a = 0(p 3 ) and Ein 7/ = 0(p m ), we obtain 

0(p m+3 ) = g°°°°(V K Ei nooco Ei nooif +2D 00 i 00 Ein KL -20^/ Ein^) 

+ ff 00 (V A - Ein 00 -2V Ein 0A - +2£ L Ein A - L -20 o / Ein 0L ) 
+ 2 5 ^(V if Ein^ -V p Ein^ -V^Ein^ +( V7 + D^ p ) Ein KL 

+ g^(y K Ein^ -2V^ Ein 7A +2£>/ 7 Ein AL -20^/ Ein 7i ) 
+ /~(V A Ein^_ -2V7iEin 7A +2D/_ Ein KL -29>/ Ein^). 
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Substituting K = oo, K = and X = a into this formula, in view of (|3.7p . f|3.9f) and ()4. 5[) 
we find that 

0(p m + 3 ) = ( P 9 P -in -4) Ei noooo -4(p9, - 4) Ein 00 -8(pd p - 2) Ein Q Q 
(5.2a) +8p(V«Ein OOQ +V«Eh W ) 

+ 4p 2 (pd p - 2)($^ Ein Q ^ +#Ein_ ? ), 
0(p™+ 3 ) - ( P 9 P - 2n - 4) Ei noo0 +4p(V Q Ein 0Q +V«Ein os ) 
+ 4p 2 (^Ein^+^Ein_^), 
(5.2c) 0{p m+2 ) = 2(pd p - 2n - 3) Ein^ +4pV^ Ein Q(3 -4t Ein 0ct +4pNj* Ein^_, 
which imply (15. ip . □ 



(5.2b) 



Let 

h, (7,J) = (oo,oo), (oo,0), (0,0), [a, 

(5-3) a{I,J)=h (J,J) = (oo, a), (0, a), 

1, (J,J) = (a, J 8). 



The next theorem proves Theorem lO.il 

Theorem 5.2. Lei (M, T 1,0 ) &e a nondegenerate partially integrable almost CR manifold, 9 
any pseudohermitian structure and X an open neighborhood of M — M x { } in M x [0, oo). 
Then there exists a normal-form ACH metric g on X which satisfies 

(5.4) Ein ZJ = 0{p 2n+1+a(I ' J) ) 

with respect to the frame (|3.1j) of ^TX . For such a metric, each g^ is uniquely determined 
modulo 0(p 2n+1+a{l ' j] ). 

Proof. By Proposition ^. II we already have a normal-form ACH metric g^ 1 satisfying Ein 7 j = 
0{p 3 ) for every I, J, with 0{p 3 ) ambiguity in each component gff. We shall inductively 
show that there exists a normal-form ACH metric j( m ' satisfying 

(5.5) Eirijj = 0(p max{ m + a (L A3 })_ 

for each m, m = 1, . . . , In + 1, and for such g( m ) its components ffj™^ are unique modulo 

Q^max{ m+a(ij'),3 }\ 

Suppose we have a normal-form ACH metric gt™ -1 ) that satisfies (|5.5[) for m — 1 as 
well as (I3.3[) . Consider a new ACH metric g^ given by = g^T + ^y, where 

^ is such that ^ = 0(/3 max{ m - 1 +°( i J')> 3 >). Then the difference SEm = Ein' - Ein 
between the Einstein tensors is given in Proposition 14.21 In view of (|4~6ej) and (|4~6h)l we 
can determine ip Qa mod 0(p m+2 ) and i/j a0 mod 0(p max { m+1 ' 3 >) so that Ein£ l) = 0(p m + 2 ) 
and Ein^ } = 0(p max ^ m+1 ' 3 ^) hold, because the exponents -|(m + 2)(m - 2n - 2) and 
— gm(m — In — 2) are nonzero for m = 1, . . . , 2n + l. After that, by a similar reasoning using 
( |4Jgl ), we can determine tf(V> Q -g) mod 0(p m + 3 ) so that tf(Eh/™ } ) = Q{p m+3 ) hold. Next 
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we see (|4.6d|) and (|4.6f|) as a system of linear equations for ip Q0 and ip a a - The determinant 
of the coefficients is 

— \(m 2 — 2nm — 8n — 4) 
(5.6) \n(m-2) -\ (m 2 - (An - 2)m - 8n - i 

= gj(m + 2)(m + 4)(m - 2ra - 2)(m -An - 2), 

which shows that this system is nondegenerate for m = 1, 2n + 1. Hence we can 
determine V> 00 and $ a a i both modulo 0(p m+3 ), so that Ein ™ } = 0(p m+3 ) and Ein (m) Q Q = 
0(p m+3 ) hold. Thus we have attained Ein i? - = 0(p max < m +«0>:>')> 3 >), an d if c^™ ^ are unicme 



up to O( ( o max 'f m 1 + a (*.i). 3 }) ) the desired uniqueness result holds for g^J 1 '. 

Finally we check that is determined in such a way that it satisfies (15.51) for I = oo, 
too. This is done by using LemmaO In fact, for g {m \ Ein^ = 0{p m+3 ) and Ein<™> = 
0(p m+2 ) should hold, because in (|5.1b|) and ()5. lc|) the terms on the right-hand sides are, 
except the first terms in each identity, already 0(p m+3 ) and 0(p m+2 ), respectively, and 
the coefficients of the first terms are both nonzero. Similarly (|5.1al) shows that EinJ™^, = 
0(p m+3 ). Hence the induction is complete. □ 

In spite of the success of the inductive determination of g^ up to the stage in the theorem 
above, the next step cannot be executed, as (|4.6ep and (|4.6h[) indicate; the freedom of the 
choice of g satisfying (|5.4[) does not affect the p 2n+2 -term coefficient of Ein a(3 and the 
p 2n+3 -term coefficient of Ein 0Q , . So we define 

(5-7) O ap := (p- 2n - 2 Ein^)| p=0 

and call it the obstruction tensor associated with (M, T 1,0 , 9). In fact, the condition Ein^-g — 
0(p 2n+A ) on the metric from which O a p is computed can be weakened to Ein^-g = 0(p 2n+3 ), 
for the 0(p 2n+3 ) ambiguity in tf(g emerging from that does not have any effect on 
p 2n+2 -term coefficient of Ein Q( g as (|4.6hl) shows. This fact further implies that we can use 
any approximately Einstein ACH metric g that Theorem 10.11 claims its existence, because 
if p is a model boundary defining function for g and 9, then there is a boundary- fixing 
[9]-diffcomorphism $ such that $*g is a normal-form ACH metric for which the second 
coordinate function is equal to $*/o, and its Einstein tensor vanishes to the same order as 
that of g does. 

The p 2rl+3 -term coefficient of Ein 0a is not a new obstruction, since by (|5.1cj) we have 

(5.8) (p- 2n - 3 Em 0a )\ M = -i^O^ - iNj^O-^. 

Proposition 5.3. Let 9 and 9 = e 2u 9, u £ C°°(M), be two pseudohermitian structures on 
(M, T 1,0 ). Then 

(5.9) 6 ap =e- 2 ™O a p, 

where O a p is the obstruction tensor for (M, T 1,0 ,9) and O a p is that for (M, T 1,0 ,(?). 

Proof. Let (X, [0]) be a [0]-manifold such that dX = M and t*[0] is the conformal class of 
the pseudohermitian structures on M, and take any ACH metric g satisfying the condition 
in Theorem lO.il If p is a model boundary defining function for 9 and p = e^p, ip £ C°°(X), 
is one for 0, then we have VU/ = u by the condition i*(p 4 g) = 9 2 . Hence, if {Z a } 
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is any extension of a local frame of T 1 ' , we have O a/3 = (p 2n 2 F,m(pZ a , pZpj) | M = 
e- 2nu {p- 2n - 2 Em(pZ a ,pZp))\ M = e- 2nu O ap . □ 

The proposition above implies that the density- weighted version of the obstruction tensor 

O aP := O ap ® |C| 2 "/("+ 2 ) £ £ {ap) (-n, -n) 

is a CR-invariant tensor, where £( Qj g) denotes the space of local sections of Sym (T 1 ' )*. 
Next we recall (|5.8p . Let us also look at a similar result 

( p -2n-3 (V o EinQQ +V ^Ein 07I )) | M = -A°#O ap - A^O^, 
which follows from (|5.1b|) . Combining these identities we obtain 

(5.10) D^O ap - D&O-g = 0, 
where 

(5.11) D a/3 = V^V 3 - iA afi - N^V y - iV 7 ^ 7 . 

Replacing N, A with N, A and taking contractions with respect not to h but to h, we 
obtain a differential operator D a @ : £t a p\ {—n, —n) — > £{—n — 2, — n — 2) between density- 
weighted bundles. Then we have D al3 O a i 3 — D a/3 0--^ — 0. Furthermore, D a @ belongs to 
a one-parameter family of CR-invariant differential operators, as we shall describe in the 
following proposition. 

Proposition 5.4. Let (M, T 1,0 ) be a nondegenerate partially integrable almost CR mani- 
fold. Let 

D f ■ £ { a0 ) (-». -«) -> £ (-» - 2, -n - 2), feC 
&e a one-parameter family of differential operators defined by, in terms of any pseudoher- 
mitian structure 9, 

(5.12) Df = V^V* 3 - M Q/3 - (1 + tn)N' iafi V 1 - (1 + t(n + 1)) . 
Then this is well-defined, i.e., the right-hand side of (|5.12p is independent of 9. 

Proof. This can be checked by using equation (2.7) and Proposition 2.3 of |GG| . as we have 
remarked at the end of $2] The details are left to the reader. □ 

The next proposition finishes the proof of Theorem 10.21 

Proposition 5.5. The obstruction tensor O a/3 for a nondegenerate (integrable) CR mani- 
fold vanishes. 

Proof. Since O a p is a certain polynomial of derivatives of pseudohermitian torsion and 
curvature, using the formal embedding (see, e.g., [K]) we can reduce the problem to the 
case of a (small piece of) nondegenerate real hypersurface M C C™ +1 . In this proof we use 
indices j, k for components with respect to the complex coordinates (z , . . . , z n+1 ). 

Let r be Fefferman's approximate solution of the complex Monge- Ampere equation [Fej . 
i.e., a smooth defining function of M such that J(r) = 1 + 0(r n+2 ), where 

J(r) ■= (-l) n+1 det [ dr/dzj d 2 r / dz j^ ■ 
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We set := i{dr-dr) and 9 := l*6, where i: M ^ C n+1 is the inclusion. On O = { r > }, 
we consider the Kahlcr metric G in Example 11.11 given by Fcfferman's approximate solution 
r. It is easily verified that det(Gj k ) — r~( n+2 ) J(r), and the usual formula for the Ricci 
tensor of a Kahler metric shows that 

Ric(G) fk = -|(n + 2)G- k + log J(r). 

Observe that, if we set log J(r) = r n+2 f, 

dd log J(r) = (n + 2)(n+l)r n fdrAdr+(n + 2)r n+1 (fddr + dfAdr + drAdf) 

(5-13) 

+ r n+2 ddf. 



We use the same notation as in Example 11.11 Since k is a real- valued function, r j 
ddr = — i(£ — £) j 99r = —i(K,dr + ndr) — —indr. Therefore T j d9 = T j L*(—iddr) = 
L*(—ndr) = 0, where T is the restriction of r to M. This shows that T is the Reeb vector 
field on M associated with 8. By restricting £i, . . . , to M, we obtain a local frame 
{ Zi, . . . , Z n } of T 1,0 M. 

We identify a (one-sided) neighborhood of M in with M x [0, e) by 

Mx[0,e)4fi, (p,s)^Fl s (p), 

where Fl s is the flow generated by v. In view of the fact that s is equal to the pullback 
of r, we write r instead of s in the sequel. The constant extensions of T and Z a in the 
r-direction are also denoted by T and Z a . Then obviously T = r + O(r), Z a = £ Q + O(r). 
By (15.131) we have 

Ein(G)(i/,i/) = Ein(G) + = ±Ein(G)(£,£) = 0(r"), 

Ein(G)(r,r) = Ein(G)(-i(£ - f),-i(£ -$) = 2Ein(G)(£,£) = 0(r"), 
Ein(G)(i/,r)=0, Ein(G)(^, = 0(r" +1 ), Ein(G)(r, = 0(r" +1 ), 
Ein(G)(£ Q ,^) - 0(r" +1 ), Ein(G)(^,^) = 0. 

Hence, with respect to the local frame { d r = v, T, Z a , Za} of Tc(M x [0, e)), we have 

Ein(G) oooo =0(r n ), Eha.(G) oo0 = 0{r n+1 ), Eii^G)^ = 0(r n+1 ), 
Ein(G) 00 = 0(r n ), Ein(G) 0Q = 0(r" +1 ), 
Ein(G)^ = 0(r" +1 ), Ein(G) Q ^ = 0(r»+ 2 ) 



Therefore the Einstein tensor of the induced ACH metric g on the square root of M x [0, e) 
in the sense of |EMM| satisfies, with respect to the frame { pd p , p 2 T, pZ a , pZa }, 



Ein oooo 


= 0(p 2 "+ 4 ), 


Ein oo0 


= <V"+ 6 ), 


Eh w = 0(p 2n+5 ), 


Ein 00 


= 0( P 2 "+ 4 ), 


Ein 0ct 


= 0(p 2 "+ 5 ), 




Ein -5 


= 0( P 2n + 4 ), 


Ein a/J 


= 0(p 2 "+ 6 ). 





Hence g satisfies (|5.4[) . Moreover, since Ein a/3 = 0(p 2n+3 ), it follows that O a n =0. □ 
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6. On the first variation the CR obstruction tensor 

In this section, we calculate the first-order term of the obstruction tensor with respect 
to a variation from the standard CR sphere. First we introduce a tensor that describes a 
modification of partially integrable almost CR structures. 

Proposition 6.1. Let (M, T 1,0 ) be a nondegenerate partially integrable almost CR manifold 
and {Z a } a local frame of the bundle T 1 ' . Let [ij 3 G £ a ^ and set 

Z a := Z a + (i a @ Z-p; 

{Z a } defines a new almost CR structure on M without changing the contact distribution 
H. Then this is partially integrable if and only if 

where the upper index is lowered by the Levi form of (M, T 1 ' ) associated to any pseudoher- 
mitian structure. 

Proof. The new almost CR structure is partially integrable if and only if 

9{[Z a ,Z p \) = 6([Z a + v/Z w , Zp + nfZr]) = 0, 

where 9 is any pseudohermitian structure for (M, T 1,0 ). Since 9([Z a , Zp]) = 9([Z W , Z-]) = 0, 
this is equivalent to 

6([Z W , Zp])nJ + 6{[Z a ,Z T ])tif - 0, 

Let M — S 2n+1 be the (2n + l)-dimcnsional sphere and 9 the standard contact form. 
Then the obstruction tensor O a g with respect to 9 is a function of partially integrable 
almost CR structures on ker 9. For the standard CR structure we have C Q/3 = 0. We shall 
compute the derivative of C Q/3 at the standard CR structure in the direction of fi a/3 , where 
the second index of [i a „ is understood to be lowered by the Levi form of the standard CR 
sphere associated to 9. The differentials of various quantities at the standard CR structure 
will be indicated by the bullet •. 

Proposition 6.2. Consider h -, N nl >^ , A nR and R associated to the standard contact 

ap a Pi a P a/3 

form 9 on the sphere. Then, their differentials at the standard CR structure are as follows: 

= -v ^, K-p - -v a v^_ - v^v> QT . 

Proof. Since the both sides of the four equalities are all tensorial, we may take any frame 
to derive them. Let { Z a } be a local frame of T 1 ' of the standard CR sphere such that 

[Z a , Zj] - -ih aJ T, [Z a , Zp] = [Z a ,T] = 

and 

jl, = 

ats 0, otherwise, 
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where T is the Reeb vector field associated with 9. Then the differentials of the Lie brackets 
are given by 

[Z a , %]* - (V a fi/)Z C - (VpiJ)Z T , 

[^ q ,^]' = (v qM /-v ? mJ)%, 

[Z Q ,T]* = -(V oM J)%. 

They immediately show that h*^ = and N° a/3 ~" — V a /J, j3 1 — V^/i Q 7 . The first structure 
equation (|2.3[) implies 

A'J = et([Z a ,T}') = -V of ,J. 

Similarly we have 

«?(%) = -V a ^, W '/(T) = 0, 

and this together with w'^ + = {dh^)' = implies u'J{Z^) = V^/x ar From (|2~7)l 
we have 

= ZcLj'SiZjg) ~ z^(z a ) - w y ([z„, ty) = -v Q vv ? _ - v ? v> ar 

This completes the proof. □ 

Let g be a normal- form ACH metric for 9 satisfying the condition in Theorem 15.21 Let 

%a = 1 + L P 'oo> 5oa=Voa> 9 a j = h a j + ip a j, g af) = <p ap . 
Then, as seen in Theorem 15.21 

: = ^? ( 9 >ij) l P =o ' ™ < 2n + 1 + a(i,j) 

are uniquely determined. For the standard CR structure they completely vanish. We shall 
observe the differentials (^[m]*^ of ^[m]^. For notational convenience, we set <~p\m\ i ^ := 
for m < and 



Xk(m) 



1, m = k, 
0, otherwise. 



Lemma 6.3. The differentials f[m]'j of ^[m]^- ai i/ie standard CR structure satisfy 

= -| (m 2 - (2n + 4)m - 4n) ^Hoo + 3( TO ~ 2 M m ]*a Q 
+ i(V>[m - - V>[m - IJSb) + |A^[m - 2]' 
+ (V V>[m - 3]5 Q + V V>[m - 3]^) - V V ^[m - 4] V\ 

= -X 3 (m)V VV a /3 - |(m+ l)(m - 2n - 3)v>[m]5 a 
+ f V a¥ >[m - l]So + | V a</ ?[m - I}'/ - »V^[m - 

+ ±A fc ^[m - 2]' a - §V ^[m - 2]' Q + |(V a V^[m - 2]^ + V a VV[m - 2]^) 
- V V a ^[m - 3]'/ + |(V VV[m - 3]^ + V V^[m - 3]^), 
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= - X2 (m)(V a V> ? _ + V^V> a7 ) - | (m 2 - (2n + 2)m 



+ i{V aV >[m - % - V^[m - 1]'J - ih aJ V ip[m - 2]' - ih aJ V <p[m - 2]y 

- |V a V^[m - 2]So - V Q V^[m - 2]y + ±A b ^[m - 2]^ 

+ |(V Q V>[m - 2]^ + V Q V>[m - 2}t_ + V ? V>[m - 2]'- + V^V>[m - 2]* 7 ) 
+ §(V V a ¥>[m ~ % + V V^[m - 3]SJ - | V V </?[m - 4]^, 
= -X2(m)(A 6 /i a/3 + V Q V 7 ^ 7 + V^V 7 ^ + 2iV /i a ^) + X4(™)V V ^ Q(3 

- ±m(m - 2n - 2)p[m]^ - ±V Q V^[m - 2]* - V a V^[m - 2] V + |A fe ^[m - 2]^ 
+ |(V a V>[m - 2]' M + V Q V>[m - 2]' M + V^V>[m - 2]* 7 + V^V>[m - 2]' 7 ) 

+ l V (^[m - 2]^ + ±(V V a ^[m - 3]^ + V V^[m - 3]SJ - | V V ^[m - 4]^, 



where in each equality m takes any nonnegative integer and V denotes the Tanaka- Webster 
connection for the standard CR sphere with 9. 

Proof. This follows from Lemma l3T2| because terms of type (N1)-(N3), which are neglected 
in the formulae recorded in that lemma, are at least quadratic in [i a ^. By setting Ein^j = 
Q^p2n+i+a(i,j)^ ^ e Baylor expansions of the last four equalities in Lemma [3.21 give the 
claimed formulae, thanks to Proposition 16.21 □ 

In principle we can calculate all ^[to]^ using the recurrence formulae above. It is easy 
to see that ^[to]q = </?[m]'- = ^t™]*^ — for m odd and V?[ TO ]oa = f° r m even j an d 
each nonzero ^[m]^- is a linear combination over C of covariant derivatives of [i a ^ which 
are given in Table 16.11 As a result the differential 0* * of the obstruction tensor is a linear 
combination of 



which are linearly independent if n > 2. 



Proposition 6.4. Let n > 2 and 



n — 1 n—l 



fc=0 k=0 



Then a„+i = (-l)"/(n!) 2 . 



Proof. The last equality in Lemma 16.31 and Table I6TT1 show 
= -x 2 (2Z)A 6/ i a/3 - -n- l) V [2l]' afi + 



±A^[2Z - 2]* 




V a V^V CT V>, 



A£v; 
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Type 


Terms 






ip[2l + l]' a 


AjV^V^g, A?Vn- 1 - fc V Q V CT V T u CTT , A?Vn" 1 " fc V Q V^V^u^ 

O U GL ID i O \j Cz r \J \ ' XJ CX i (J i 




A 6 fc V^ 2 - fc V a V ? V CT V> ffT , A b fc Vj,- 2 - fc V F V Q V"V>^ : 


vim? 




Table 6.1 


. Terms appearing in the differentials 93 [m]^ of the coefficients 



of the approximate normal-form ACH-Einstein metric 



Hence we have ¥>[2]Vg = (2/n)A&/z Q/g and 

This immediately shows that 

vWoP = I ' 2(^i) ' 3^2) I(n+1-0 A ^' l = 1 ' 2 ' 
Then we use the last equality in Lemma 13.21 to see 



i 19—1—1 —1 (— "\\ n 

ou = -^mu ^-^ . ^-^ —^r^ - y^r 1 **. 

which implies the claim. □ 

Corollary 6.5. Let n > 2. TTien there is a partially integrable almost CR structure on the 
(2n + l) -dimensional sphere, arbitrarily close to the standard one, for which the obstruction 
tensor does not vanish. 

7. Formal solutions involving logarithmic singularities 

Let X be a manifold-with-boundary and p a boundary defining function. We say that 
a function / 6 C°(X) H C°°(X) belongs to A(X), or simply A, if it admits an asymptotic 
expansion of the form (10.6[) . By this we mean that for any m > 0, 

N 

tn :=/-^/ (9) (logp) 9 eC™(X) and r N = 0(p m ) 

9=0 

holds for sufficiently large N. The Taylor expansions of at dX are uniquely determined; 
we write / e A m if f {q) = 0{p m ), q > 0, and A 00 := n% =Q A m . The usage of the symbol 
A m is similar to that of 0(p m ); for example, / = fo+A m means that / — /o € *4 m . One can 
show that A is closed under multiplication, and that if / 6 A and / is nonzero everywhere 
then / _1 e A Furthermore, .4. is closed under the actions of totally characteristic linear 
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differential operators, i.e., noncommutative polynomials of smooth vector fields tangent to 
the boundary. 

As in § again in this section X is an open neighborhood of M in M x [0, oo), 
where (M, T 1 ' ) is a nondegenerate partially integrable almost CR manifold. We fix a 
pseudohermitian structure 9 and consider (nonsmooth) [0] -metrics of the form with 
g { j G A satisfying (|1.12|) . which we call singular normal-form ACH metrics for (M, T 1,0 ) 
and 9. 

All the calculations regarding the Ricci tensor go in the same way as in [J3]and except 
that, while on the space of smooth 0(p m ) functions pd p behaves as a mere "m times" 
operator modulo 0(p m+1 ), it is no longer the case when 0(p m ) and 0(p m+1 ) are replaced 
by A m and A m+1 . Nevertheless, since A is closed under the actions of totally characteristic 
operators, the Ricci tensors for singular normal-form ACH metrics have expansions of the 
form (|0.6p with respect to the frame { pd p , p 2 T, pZ a , pZ& }■ 

Proposition 7.1. There exists a singular normal-form ACH metric g satisfying 
(7.1) Em u = A 2n+1+a{I ' J \ 

where a(J, J) is defined by (|5.3[) . The components g^ are uniquely determined, and do not 
contain logarithmic terms, modulo j^n+i+a(i,j) . 

Proof. This can be proved by following the argument in iJ3J gland the first half of |J5] again. 
We shall include here a detailed account of the following fact only, which is a version of 
Proposition 13. II Ein J7 = A 3 if and only if 

.9oo = 1 + A 3 , g 0a = A 3 , g- & = h aJ + p 2 ®^ + A 3 , g aP = P 2 <$> afi + A 3 , 

where $ and $ Q/3 are defined by (|3.4[> . Then the rest of the proof goes similarly. 

Let g be given. If we define ip^ by (|3.5p , then Lemma 13.21 is again valid. Take N > 1 
large enough so that tp.j and Ein^j for given g are of the form 

N 
9=0 

and 

N 

Kmjj = E Ein^J (log p) q + A 3 , Ein$ e C °° ( X ) ■ 

9=0 

Then by Lemma 1X^1 we have the same identities as p,12j) between Ektjj and <£y ; namely, 
the following holds for q = N: 

EinW oo = |^ ) +^) a « + O(A 
Ein^ = 0(p 2 ), Ern^ = -i^ + 0{p 2 ), 

Ein$ = |(2n + - ^ a a + 0(p 2 ), Eing = i(n + + 0(p% 

Eing = |(2n + 9) V g - + K^< V + <V)> 

Ein^ = i(2n + l)^+0(p 2 ). 
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Hence tp[p must be 0{p 2 ) so as to make Ein^P = 0(p 2 ). If ip$ = 0(p 2 ), q + l<q<N, 
then the identities above hold for q = qo, which shows that Efrijj = 0(p 2 ) is equivalent to 
tflj " 1 = 0(p 2 ). Hence we conclude that Euijj = A 2 if and only if ip,^ = A 2 . 
Next, again by Lemma T3. 21 we see that the following is true for q = N: 

Ein^L = 2^ + 0(p 3 ), Ein£> = 0(p 3 ), Ein« = -fi^J + 0{p% 

Ein$ = ±(2n + 1)^ + 0(p 3 ), Eir^J = §(2n + + 0(p 3 ), 

Eing = |(n + 2)„« - + + 0(p 3 ), 

Eing = ln^ + 0(p 3 ). 

An inductive argument shows that Ein^* = 0(p 3 ), 1 < q < N, if and only if = 0(p 3 ), 
1 < q < N. Finally, the same identities as (|3.13p hold for Ein^j and y>y , which imply 
that 4f must satisfy <p$ = 0(p 3 ), ^ = 0(p 3 ), ^ = p 2 $ Q _ + 0(p 3 ) and ^ = 
/9 2 <J> Q/3 + 0(p 3 ) as desired. □ 

Let g be such a normal-form ACH metric, and for specificity, let its components #y be 
polynomials of degree 2n + a(i,j) in p, which are uniquely determined. We set 

(7.2) Etojj = p^+W^Ejj + ( p 2«+2+a(/,J) )5 

where E IJ is constant in the p-direction. We already know that E a a = O aj3 and E Qa — 



-i^O afj -iN a ^O w Set 



■(E oo0 -iV a J B ooa +iV a £; ooS ). 



n + 1 

Theorem 7.2. Let k be any smooth function and X a o a smooth tensor satisfying 
(7.3) D a P\ a p - D^X^ = in. 

Then there is a singular normal-form ACH metric g satisfying Ein 7 j = A 00 and 



where g^ ~ Yl^Lo 9i]\^°EP) q * s ^ ne asymptotic expansion of g^. The components g^ arc 
uniquely determined modulo A 00 by the condition above. 



As is clear from the proof below, Theorem 17.21 also holds in the following formal sense. 
Let p G M , k a smooth function and X a/3 a tensor satisfying (|7.3[) to the infinite order at p. 
Then there exists a singular normal-form ACH metric g satisfying (|7.4I) and Ein 7J = A°° 
to the infinite order at p, and the Taylor expansions of g^ at p are uniquely determined by 
those of k and X a/3 . On the other hand, there is a formal power series solution to (|7.3I) by 
the Cauchy-Kovalevskaya theorem. Hence, by Borel's Lemma, we have X a/3 solving (|7.3p 
to the infinite order at p and prove the first statement of Theorem 10.31 We do not know 
whether (|7.3p is solvable in the category of smooth tensors. 

The first step to prove Theorem 17.21 is the following. 
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Lemma 7.3. There exists a singular normal-form ACH metric g satisfying 
Ei noooo = A 2n+ \ Ei noo0 = A 2n+ \ Ein^ = A 2n+3 , 
Ein 00 = A 2n+ \ Ein 0Q = A 2n+ \ Ein^ = A 2n+ \ Ein Q/3 = .4 2 "+ 3 
and the followings not containing logarithmic terms: 

Ei noo0 modA 2n+5 , Ei nooQ modA 2n+i , 
Ein 00 mod^ 2n+5 , Ein^ mod„4 2 "+ 5 . 
Any such a metric g is of the form 

.9oo = 5oo + 4o + 42 log p + 4? (log P) 2 + A 2n+5 , 

9 0a = 9o a + 4°2 + 42 log P + A 2n+ \ 

9 a p = + <J + €1 **P + *%Q°6Pf + ***** 

g aP = g aP + 4? + 4*J log p + A 2n+3 , 

where ip^ — 0(p 2n + 1 + a ( 4 J)). Furthermore, among 4j > 

4o\ 4>%, 42 > tf(^), ^ and i^ + (, + l)^V 

are uniquely determined modulo 0(p 2n+2+a ^ h ^) . In particular, if O a/j = i/ien i/iey are 
zero modulo 0{p 2n+2+a ^). 

Proof. We shall determine when 

JV 

(7-5) 9ij =g i3 + ^v4j ) (logp) 9 , 4? = 0( P 2n + 1+a ^) 

q=0 

enjoys the condition imposed. By (14.2[) and (|4.3[) . which are also valid here if 0(p m ) is 
replaced by A m , the difference S Ein 7 j between the Einstein tensors of ~g and g is of the 
form 

N 

6 Einjj = J2 S Ein^ } (log pf + A 2n+2+a{1 ^ . 

9=0 

We may assume N > 3. Then, by (@~2]) we have 5Ein^ ) = 0(p 2 "+ 4 ) and SEin^P - 



/3 

{ ) i , "" ! ' 1 3 1 . . It, i . w 1 i > i . ,■ J / ] ■ : 1 : , 



0(p 2n+3 ), which imply that Ein^ = 0{p 2n+i ), EhSfJ = 0(p 2n+3 ) already hold, and 



(7 f\\ 4 

JEin^ 1 ' = -\q{n + 1)4*) + 0(p 2 "+ 3 ) 

for q = N. This shows that Ein ^~ 1} = 0(p 2n+i ), Ein^~ 1} = 0(p 2n+3 ) if and only if 
$W = 0(p 2 "+ 4 ), 4? - 0(p 2n + 3 ). Since (EU) holds for q = q Q if 4a = O^ 2 '^ 4 ) 
and 4?J = 0(p 2n+3 ) for g + 1 < Q < N, inductively we verify that Ein 0Q = „4 2 "+ 4 , 



Ein Q/3 = A 2n+3 if and only if i/C = 0(p 2n+4 ), ^ = 0{p 2n+3 ), 2 < q < N and 

(7.7) 42 = -^p 2n+3 ^o Q + 0(p 2 " +4 ), 4? - r^T^ 2,i+2 ^ + <V n+3 ) 

At i~ ^ li "T" -L 
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Next, from l|Oc)l -(|Oe |l we have nSEmffi -2<5Ein (Ar) Q Q = 0(p 2n+5 ) and 

<SEin$ = ±r#$ + (n + l)^\ a + 0( P 2n+5 ), 
tf(5Eing) = -intf(^) + 0(p 2 " +5 ), 
^Ein^ 1 ' -2<5Ein^- V = -|g(n + 3)(r^ - 2^\ a ) + 0(p 2n+5 ) 

for q = N. Hence both ipQ^ and ip ^ must be 0(p 2n+5 ). Inductively we show that, in 
order for us to have Em$ = 0(p 2n+5 ), Ein^i = 0{p 2n+5 ), 2 < q < N, it is necessary and 
sufficient that V>oo\ V^, 3 < q < N, and + ( n + W^a", tf(^) are all 0(p 2n+5 ). 

Again by (I4.3cl) - (|4.3e[) . modulo 0(p 2n+4 ) terms which linearly depend on ^qo , V'oa an d 

<5Ein« ee ±n^ + (n + 1)</> ( V + 0(p 2 "+ 5 ), 
tf(^Eing) ee -|ntf(^) + 0(P 2 " +5 ), 
n6Ew$ -2<JEin ( V ee -±(n + 3)(n^ - 2^ (2) Q ") + 0(p 2 " +5 )- 

Therefore 4o» ^V", tf(^§) and |n4o + (»+ 1)^° a are uniquely determined modulo 

0(p 2n+5 ) by the requirement Ein$ = 0(p 2n+5 ), Ein^ = 0(p 2n + 5 ). 

For satisfying all the restrictions we have found above, Ein^Q and Ein^Q, do not 
contain logarithmic terms modulo A 2n+5 and A 2n+4 , respectively; one can show this fact 
by (f5T2b|) and pi . or by (HTTP)) . If O a/3 = 0, {77]! implies that Voa and ^ 

are zero, 

and hence , F a , tf(V^) and ^V'oo' + ( n + 1)^ a" are also zero. □ 

The rest of the proof of Theorem 17.21 consists of two parts, in the first of which we finish 
constructing a singular normal-form ACH metric satisfying Ein 7 j = u 4 2 «+ 2 + a ( / .-') j an{ j m 
the second we go through an inductive argument to achieve Ein J 7 = A°° . 

Proof of Theorem \7.2\ Let g be a singular normal- form ACH metric we have obtained in 
Lemma [731 By (|4.3bj) . P~2")l and (jTTTj) we have 

SEm^o = (n + 2)p(V Q 4° Q ) + V^ } ) - (n + l)p 2 (A Q/ V$ + A*fy<g) 

S EinW = -i(n + 2)4°j + (n + + (n + l)pNj*1$ 

p 2n+3 S?T(V^ + V) + 0(P 2 " +4 ). 

If we set Voa = P 2n+3 ^„ + 0(p 2n+4 ) and = p 2n+2 p, af) + 0{p 2n+3 ), then attaining 
EhiJ^o = 0(p 2n+5 ) and Ein^ Q = 0(p 2n+4 ) is equivalent to solving the following system of 
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(7 



PDEs: 

(n + 2)(V^ Q +V^)-(n + l)(^/i^+^M^) 

-i(n + 2)u a + (n + 1) Vfy a/J + (n + l)Nj~^_ 
= -Eoo a + £- 2 iE 0a - ^t(V^ q/3 + N a ^E-_). 

If we substitute the second equation into the first one and use E aj3 = O a p and (|5.10j) , the 
system is reduced to D a @ p a p—D af3 p_— — iu. Hence, by setting p aj3 — A Q/3 and determining 

v a by dHU) we achieve Ein^ = 0{p 2n+5 ) and Ein^ = 0(p 2n+i ). 

Having fixed -00a an d ipfp> now we may determine ip^ , ip a a -> tf (-0^) and ^nip^ + (n+ 
1)^ (0) Q Q modulo 0(p 2n+5 ) so that Ein^, Ein^ i are 0(p 2n+5 ) by observing (fOc1) - (|43ej) . 
It automatically holds that Ei noooo = A 2n+5 by (|Oa)) . Although + ( n + l)^ (0) a Q is 

fixed, V'o? ( or V' ( ' ' ) a Q! ) is remaining to be free, so we prescribe it by f/'o? = p 2n+i K+0(p 2n+5 ) . 

We have shown that there is a singular normal-form ACH metric satisfying Ein / 7 = 
j2n+2+a(i, j) ^ an( j ^at j£ we j m p 0se th e condition (|7.4p then are unique modulo v 4 2 "+ 2 + a ( I J') , 
Let m > 2n + 3 and suppose that g is a singular normal-form ACH metric satisfying 
Ei n/J = A m - 1+a{I - J) . We set 

N 
9=0 

where = 0(p m ~ l+a ^ 1 '^), and shall prove that tp^' mod 0(p m + a ( l J)) may be uniquely 
determined so that Ein'j 7 = J[ m + a ( I > J ) holds. Then the induction works and we obtain the 
theorem. 

By replacing N with a larger one if necessary, we express the difference 5 Ein = Ein' — Ein 
between the Einstein tensors as 

N 

5 Einjj =J2 6 Ein / j ( lo g P) q + A m+a{IJ) . 

q=0 

Then by (|4.2[) and (|4.3p we have, modulo terms linearly depending on ^j +2 ^ or V'l/^ i 
£Ein$ = -±(m 2 - 2nm - 8n - 4)4o + ^mV> (,3) a Q 

i »/,' 

i/3 



(7.9a) 



(0(p m+2 ) terms depending on ^ and tp^l) + 0(p m+3 ) 



(7.9b) 5 Ein 9 J = -|(m + 2)(m - 2n - 2)^J + 0(p" l+2 ), 

5 Ein (9) Q Q = |n(m - 2)V$ - \{m 2 - (4n - 2)m - 8n - 8) V (9) Q Q 



(7.9c) 



(7.9d) 



+ (O( i o m+2 ) terms depending on ^ and ^Jj) + C>(p m+3 ), 
tf(SEin (9 -b = -i(m 2 - 2nm - 2n - 9) tf(V> (<? i) 

+ (0(p m+2 ) terms depending on ^ and ^j) + 0(p m+3 ), 



(7.9e) <5Eing = -±m(m - 2n - 2)V$ + 0(p m+l ). 
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By (|5.6j) . if 771 ^= 4?7 + 2, we may determine ip\j , i>\f , • • ■ , ipy inductively so that 
Ein'ij = A m+a ^ hold. Then by it automatically holds that Em ^ = A m+3 , 

Ein'^Q = A m+3 and Ein'^ = A m+2 . If m = 4n + 2, instead of (|79cl) we use 

+ (0{p An+i ) terms depending on ip^) + O( i o 4 ™ +5 ), 

which holds modulo V'iJ +2 ' ) an d V , i/ +1 ^- We may determine ^\f\ V'y ; ■ • ■ ; induc- 
tively so that Em ^ = A in+5 , Ein' 00 = _4 4 ™+ 5 , Em 0q = _4 4 ™+ 4 , tf(Ein' a f) = A in+b and 
Ein' a/3 = _4 4n+4 . By (JOJ), we obtain Ein' Q " = ^ 4n + 3 , Ein'^ = A 4n+5 and Ein' OOQ = 
_4 4 "+ 4 . □ 

Finally we shall discuss constructing a completely log- free solution when O a/3 = 0. We 

set 

+ N^E a0 +N^-E^). 

Theorem 7.4. Suppose that O a ^ = 0. Let k be a smooth function and A Q/3 a smooth tensor 
satisfying 



(7.10) 



D a t Kr+D^L A - = 77. 

-2/n ap -2/n a/3 



Then there is a normal-form ACH metric g, which is free of logarithmic terms, satisfying 
Ein J 7 = .4°° and 

( 711 ) (2n + 4)! ( d p n+ig oo)\ M = K ' ( 2n + 2)! W** 9 "?) \m = K ^ 

The Taylor expansions of the components g^ at dX are unique. 

Again this theorem also holds in the formal sense. Since the principal parts of D a P 
and D_2j n agree, the system (|7.10[) is formally solvable at any given point; in fact, if one 
arbitrarily prescribes the components of \ a/3 except A n , for example, and writes A n = /i+iv 
where fi and v are real-valued, then (|7.10[) can be regarded as a system of PDEs for fi and 
v and the Cauchy-Kovalevskaya theorem can be applied to this system. Thus we can show 
the second statement of Theorem 10.31 

Proof. If O a/3 — 0, then a (potentially) singular normal-form ACH metric g satisfying the 
conditions in the statement of Lemma 17.31 is of the form 



.9oo = 5oo + 4°o ] + 4$ log P + A 2n+ \ 

9 a fS = 9 a f3 + ^al + A 
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Here ^nip^ +(n+l)ip^ a a — 0(p 2n+5 ) should hold. After prescribing ip^2 an d the po- 
tential log-term coefficients ip^ and ip^ a a are determined by requiring n Ein^ —2 Ein^ a a = 
0(p 2n+5 ). So let us look at the dependence of nEin ° } -2Ein (0) Q a on Using (jOc|l 

and (I4.3d[) again, we obtain 

n8Ew$ -25Ein(°) Q Q = -±(n + 2)W« - 2^V) 

+ i(n + 2) P (V«VS ~ V^ } ) - IV^^J + 

- p 2 (v a v^i°J + v*vVS + ^ 7a/3 v^i°2 + iV^V^. (0) 



a/3 

+ W a *^l + N^-^h + 0(p 2n+5 ) 



7 r a/3 



Hence if we can set ip^ and tjy^l appropriately, then tp^Q 



2^ 



(i) 



and hence both and ^'a" must be 0(p 2n+5 ). Let ip^ 



',(1) a 



(0) 



„2n+3, 



(0) 

a/3 



must be 0{p 2n+0 ), 
0(p 2n+i ) and 



(7.12) 



p 2n+2 p aj3 + 0(p 2n+3 ). Combined with (|7.8p . the equations to be solved are 

(n + 2)(V<V Q + V^) - (n + l)(A^p ap + A^p^) 

= ~ E oo0 £s (V a E 0a + ^E m ) + ^(A^E ap + A^E_ 7 ), 
-i(n + 2K + (n + l)V?p afj + (n + l)Nj~^_ 



= -n£i 



M^-^V T /x_^-iV^ )7 /x a 



a/3' 



n0 



00 



2E n 



By substituting the second equation into the other two and using (|3.4p , the system is reduced 
to 

U Ma/3 U f 1 - 



D 



a/3 



-2/n/ X a / 3 "+" 



73 



So we set p aj3 — X a/3 and determine v a by the second equation of (|7.12|l . Then Ein^Q — 
A 2n+5 , Ei nooQ = A 2n+i and nEin 00 -2Ein Q Q = A 2n+5 are solved by ip$ = 0{p 2n+b ), 
^ {1) a a = 0(p 2n+5 ). As before, tf(^°j) mod 0(p 2n+5 ) and §ni/$? + (n + l)V» (0) a Q mod 



0(p 2n+5 ) are uniquely determined so that Ein 00 = A 2n+5 , Ehw = A 2n+5 . We set 



(0) 
00 



J2n+A 



K + 0(p 2n+5 ). By ([Oajl we have Ein 



Now we have constructed a normal-form ACH metric g, which is log-free, satisfying 
Ein Z j = _4 2n + 2 + a ( 7 ^) anc j (|7.np in a unique way. After that we once again follow the 
latter half of the proof of Theorem 17.21 to determine all the higher-order terms of g.^ . No 
logarithmic terms occur in this process. □ 
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